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THE GROUP OF SELF-DISTRIBUTIVITY IS BI-ORDERABLE
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Abstract. We prove that the group of left self-distributivity, a cousin of Thompson’s
group F' and of Artin’s braid group B that describes the geometry of the identity
x(yz) = (zy)(xz), admits a bi-invariant linear ordering. To this end, we define a partial
action of this group on finite binary trees that preserves a convenient linear ordering.
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There exists a close connection between Thompson’s group F' of [22], [17] and [1], and the
associativity identity. Indeed, F' acts on bracketed expressions by moving the brackets, i.e.,
by applying associativity, and, conversely, every application of associativity comes from the
action of an element of F'. Thus, F' can be called the geometry group of associativity, as
it captures a number of specific geometrical properties of that identity, in particular those
expressed in the well-known MacLane-Stasheff pentagon relation [6] [16].

When we replace the associativity identity x(yz) = (zy)z with the left self-distributivity
identity z(yz) = (zy)(zz), Thompson’s group F is no longer relevant, but there exists
another group G.p that similarly captures the geometrical aspects of the identity. The
group G;p happens to be an extension of Artin’s braid group B, of which it can be seen
as a sort of tree version, a relation that explains the deep connection between braids and
the self-distributive law. In the recent years, several new results about braids, in particular
the existence of a linear ordering compatible with the product, have been discovered by
projecting results initially established in G, [4], leading in turn to a number of further
developments [7], [15], [10], [21]—see [13]. Thus the group G, (which will be defined by an
explicit presentation below) may appear as an interesting object of study.

Order properties have been recently established for various groups connected with topol-
ogy: besides the orderability of braid groups alluded to above, the orderability of the map-
ping class groups of surfaces with a nonempty boudary [20], the bi-orderability of the pure
braid groups [14], the fact that Artin’s braid groups are not bi-orderable in a strong sense [19].
Let us also mention work in progress by D. Rolfsen and B. Wiest about the orderability of
knot groups. As for Thompson’s group F, it can be realized as a group of diffeomorphisms
of a real interval [12], and, as such, it acts on the reals , which easily implies that it is
orderable, and even bi-orderable as shows the explicit form of the action [1].

As the group G;p is closely connected both with Thompson’s group F' and with Artin’s
braid group B, the question of whether it is bi-orderable, like F', or not bi-orderable,
like B, appears natural. It had been shown in [4] that G, is equipped with a linear left-
invariant preordering (which projects on the canonical left-invariant linear ordering of the
braids). However, this preordering is not an ordering, and it is not right invariant, so it does
not answer the above question. In this paper, we shall prove that, as for orderability, G.p
is similar to F', and not to B.:



Proposition. The group G, is bi-orderable, i.e., there exists a linear ordering on G, that
is compatible with product on both sides.

Our proof consists in defining an action of G, that is reminiscent of the action of F' on
the reals. However, due to an essential technical difference between associativity and self-
distributivity, namely the fact that the variable x is repeated twice in the right-hand term
of the identity z(yz) = (zy)(xz), there is no natural way to let G,, act on the reals via
diffeomorphisms. Instead we shall let G, act on finite binary rooted trees and observe that
this action preserves some linear ordering of such trees. A similar approach is also possible
in the case of Thompson’s group F', in which case one essentially re-obtains the action of F
on R, and, more generally, in the case of analog groups that can be associated with algebraic
identities preserving the order of the variables [9)].

The organization of the paper is as follows. In Section 1, we recall the definition of
the group G,, and introduce its partial action on finite binary trees and, more generally,
on terms, which are finite binary trees with labeled leaves. In Section 2, we construct a
linear ordering of terms connected with their coding by words using the left Polish form.
In Section 3, we show that the action of G;, on terms preserves the previous ordering, and
we deduce a bi-invariant ordering on Gy,. Finally, in Section 4, we deduce from the action
of G.p on finite trees an action of the positive part of G;p,—a certain submonoid of G, of
which G, is the groupe of fractions—on the Cantor line and on the reals.

1. THE ACTION OF G,, ON TERMS

In this preliminary section, we recall the definition of the group G, and its connections
with the left self-distributivity identity, with Thompson’s group F', and with Artin’s braid
group B,. We also define a partial action of G, on terms connected with the left self-
distributivity identity.

The group G;p

The group G,p is a countable group that describes, in some sense explained below, the
geometry of the left self-distributivity identity

w(yz) = (vy)(z2). (LD)

We shall define G, using an explicit presentation. The generators are in one-to-one corre-
spondence with the vertices in a complete binary rooted tree: so we can specify a generator
by using a finite sequence of 0’s and 1’s describing the path from the root to the considered
vertex. Such finite sequences will be called addresses; we use A for the set of all addresses,
and ¢ for the empty address, i.e., the address of the root (Figure 1.1). For o, 8 € A, a3 de-
notes the concatenation of o and 3. We say that two addresses «, 3 are orthogonal, written
« 1 B, if there exists an adress v such that 70 is a prefix of « and ~1 is a prefix of 3, or
vice versa.
p

00 01 10 11
000 111

1 T
0100 1010
Figure 1.1. Binary addresses
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Definition. We denote by G, the group ({g.; @ € A}; R.p), where R, consists of the
following five families of relations:

Jo " 98 =93 o for o L 3, (type 1)

9a08 * Go = Yo * 9al08 * o008 (type 0)

9108 * Yo = Yo * Ja015; (type 10)

9118 * Yo = Yo * Jal1p; (type 11)

9a1 " Ja " Ja1 " Ja0 = Yo * Jol * Ya- (type 1)

Let us recall that Artin’s braid group B, can be defined as the group generated by an

infinite sequence o1, og, ... subject to the relations
0;-0j=0j-0; for |1 — j] > 2, type (i)
Oi11 "0 04l = 04 - Ojr1 " O type (ii)

Then, from the presentation, it is obvious that the mapping

DI : go — {O'Z' .for a= li._l (i.e., 1 repeated i — 1 times),
1 if « contains at least one 0

defines a surjective homomorphism of G;, onto B,,: B, is what remains from G;, when
we collapse every generator associated with a vertex of the complete binary tree not lying
on the right branch. As B, is not finitely generated, G, is not either finitely generated.
The kernel of the projection of G, onto By is large (and complicated): if H; denotes the
parabolic subgroup of G, generated by all generators g, with a beginning with 1?0, then,
by type L relations, the elements of H; and H; commute for ¢ # j, and Ker(pr) includes
the direct product Hy x Hy; x ---. It can then be shown that, for every i, the mapping
Jda — J1ige induces an isomorphism of G, onto H;. More generally, a parabolicity theorem
asserts that, for every address v, mapping g, to g, defines an isomorphism of G,,, onto the
subgroup of G, generated by those generators gg such that § begins with ~.

The syntactic form of the relations R, defining G, is reminiscent of the Coxeter relations
that define Artin groups, though they do not preserve the length and are not symmetric.
It is proved in [4] and [5] that most of the tools developed by Garside in his study of braid
groups [11] can be extended to groups defined by such generalized Coxeter relations. The
specific case of Gy, is made difficult by the fact that, in contradistinction to B, G.p is not
the inductive limit of an increasing family of groups of finite type. However, by introducing
local counterparts to Garside’s fundamental braids A,,, one can extend some of the results,
and, in particular, prove that G;, is a group of fractions:

Proposition 1.1. [4], [8] Let G;;, be the submonoid of G, generated by the elements g,
with o € A. Then every element of G,,, can be written as ab~! with a,b € G.

We claim nothing about the presentation of the monoid G;\,: whether G, admits, as a
monoid, the above presentation of G, is currently unknown.

Terms and trees

Terms will play a central role in the sequel. Several equivalent definitions are possible. For
our current purpose, it will be convenient to consider terms as finite trees.

Definition. Let z1,zo,... be a fixed sequence of variables (= letters); a term is defined to be
a finite binary rooted tree whose leaves (i.e., vertices of degree 1) wear labels in {z1, za,...}.
We write T, for the set of all terms, and T} for the subset of T, consisting of those terms
where all leaves are labeled x.



Thus,

I
Z2,
Ty T3,
won 1 1 1 Ty

are typical terms in T,. The latter belongs to T;. In the case of T, we can of course forget
about the labels, and identify a term with an unlabeled tree.

Terms are equipped with a natural product, namely the operation that associates with
two terms tg,t; the term, denoted ty-t1, consisting of a root with two successors, a left one
which is %y, and a right one which is t;:

to . 51

to t

Then, provided we identify the variable z; with the tree consisting of a single vertex la-
beled z;, (T%,-) is a free magma based on {x1,xo,...}, and (77,-) is a free magma based
on {x1}.

Each vertex in a finite binary rooted tree can be specified by an address in A describing
the path from the root to that vertex. For ¢ a term, we define the outline of ¢t to be the
collection of all addresses of leaves in (the tree associated with) ¢, and the skeleton of t
to be the collection of the addresses of vertices in ¢: thus, for instance, the outline of the
term (z3-z1)-x2 is the set {00, 01, 1}, while its skeleton is {00,01,0, 1, ¢}, as t comprises three
leaves and two inner vertices.

For t a term, and « an address in the skeleton of ¢, we have the natural notion of the
a-subterm of ¢, denoted sub(t, «): this is the subtree of ¢ whose root lies at address «. This
amounts to defining inductively

t if t is a variable or o« = A holds,
sub(t,a) =  sub(tg, 3) fort =ty-t; and a = 04,
sub(ty,3) for t =ty-t; and a = 10.

For instance, the 0-subterm of the term (z3-x1)-z2 is the term z3-xy, its 0l-subterm is the
term x1, while its 010-subterm is not defined. Observe that the outline of a term ¢ is the set
of those addresses « such that sub(¢, «) is a variable.

The action of G, on terms

We shall now describe the connection between the group G, and the left self-distributivity
identity by means of a partial actions of G, on terms.

In the sequel, a set equipped with a left self-distributive operation will be called an LD-
system (the names LD-magma and LD-groupoid have also been used occasionally). Let
us say that two terms ¢, ¢’ in Ty, are LD-equivalent, denoted t =, t’, if we can trans-
form ¢ to ¢’ by repeatedly applying Identity (LD). By standard arguments, the quotient
structure 15, /=, is a free LD-system based on {z1, z2,...}, and studying free LD-systems
amounts to studying LD-equivalence of terms.

Applying the left self-distributivity identity to a term ¢ consists in replacing some subterm
of ¢ which has the form ¢;-(t2-t3) with the corresponding term (¢1-t2)-(t1-t3), or vice versa.
Having defined the a-subterm of a term precisely, we can take into account the position, i.e.,
the address, of the subterm where the identity is applied. This leads to defining a partial
action on T, of the free monoid (AU A~1)* generated by A and a disjoint copy A~! of A
comprising a formal inverse a~! for each address a.
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Definition. (i) For ¢ a term, and « an address such that the a-subterm of ¢ exists and
can be written as t1-(ta-t3), we define (t)a to be the term obtained from ¢ by replacing the
a-subterm with the corresponding term (¢1-t2)-(¢1-t3).

(ii) For ¢t a term, and « an address, we define (t)a~! to be the unique term t' verifying
t = (t')a, when it exists.

(iii) For t a term, and w a word on AU A™L, say w = af'-...-q,", with a; € A and
e; = *1, we define (t)w to be (... ((t)a5)as? .. .)a,”, when it exists.

Thus (t)« is the term obtained by expanding t at « using left self-distributivity:
t ()

a s o

tO t1 1o aa to

Example 1.2. Let t = x;1-xo-x3-x4—here, and everywhere in the sequel, we take the
convention that missing brackets are to be added on the right, so, for instance, the previous
expression stands for z1-(x2-(23-24))—then the only addresses « for which (¢)« exists are A
and 1, and we have (t)¢ = (x1-22)-(x1-23-24), and (1)1 = z1-(x2-23) (x2-24).

By construction, the term (t)« is defined if and only if the address «10 belongs to the
skeleton of ¢, and that (t)a~! exists if and only if the addresses @00 and @10 belong to the
skeleton of ¢, and, in addition, sub(¢, «10) = sub(t, «00) holds.

We thus have obtained a partial right action of the free monoid (AU A~1)* on the set 1.
By construction, we have:

Lemma 1.3. Two terms t,t' in Ty, are LD-equivalent if and only if t' = (t)w holds for some
word w in (AU A™1)*.

The previous action is partial, i.e., not everywhere defined, in essence. In particular, there
exist words w such that (¢f)w is defined for no term ¢: this happens for instance for w =
¢-1-¢_1, as, by construction, no term of the form (¢)¢#-1 may have equal subterms at 00 and 10,
hence be eligible for the action of ¢_1. This situation is unpleasant, but—in contradistinction
to easier cases like the case of associativity—there exists no way of avoiding it by using a
convenient quotient or subset, or by replacing groups by groupoids (small categories with
inverse).

By definition, the group Gy, is a quotient of the free group generated by the g.’s, a € A,
hence of the free monoid (AU A~1)*: for w a word on AU A~!, we denote by w the image
of w in G, under the homomorphism that maps a to g, and a~! to g, .

The connection between G, and left self-distributivity comes from the fact that the
partial action of (AU A~1)* on terms described above factors through Gy, and the resulting
action is faithful in the following sense:

Proposition 1.4. [4] Assume that w,w’ are words on AU A™! and there exists at least one
term t such that both (t)w and (t)w’ are defined Then the following are equivalent:

(i) There exists at least one term t satisfying (t)w = (t)w’;

(ii) For every term t such that (t)w and (t)w’ exist, we have (t)w = (t)w';

(iii) The words w and w’ represent the same element of Gy,.
In the particular case when w and w’ are words on A, the condition that there exists at

least one term t such that both (t)w and (t)w’ are defined is always satisfied.



The previous statements may appear convoluted, but, because there exist words w such that
(t)w is defined for no ¢, there is no way to obtain a simpler statement: the action of a~! is
not an exact inverse of the action of «, as (t)ara™! = t holds only if ()« is defined. The
proof of Proposition 1.4 is delicate: as one can expect, it is not very difficult to check that
(iii) implies (ii), i.e., that the action factors through G,,, but proving that (i) implies (iii),
i.e., that the factorized action is faithful, requires a nontrivial argument.

Owing to the previous result, we obtain a well-defined partial action of G;, on Ty: for ¢
a term, and a in Gyp, we define (t)a to be (t)w where w is any word on A U A™! that
represents a and is such that (¢)w exists, if such a word exists. The action is partial, as
there exist some elements a of Gip, like g491 g;l, such that (f)w exist for no expression w
of a, but it is well-defined in the sense that, if w and w’ are distinct expressions of some
element a such that both (¢)w and (¢)w’ exist, then the latter terms are equal.

Lemma 1.3 and Proposition 1.4 immediately yield:

Proposition 1.5. For every term t, the LD-equivalence class of t is the orbit of t under the
(partial) action of G,p, and this action is faithful: we have t' =, t if and only if t' = (t)a
holds for some a in G, and, in this case, the involved element a is unique.

This statement should make it natural to call G, the geometry group of Identity (LD).
The connection between G;, and Thompson’s group F
A similar approach can be developed when left self-distributivity is replaced with asso-

ciativity. This amounts to considering an alternative action, here denoted ., of the free
monoid (AU A~1)* on terms, namely the action obtained by replacing the basic instance

(t1-(t2-t3)) g = (t1-t2) - (t1 - t3)

with
(t1 - (t2 - t3))ep = (t1 - t2) - L.

Studying the «-action leads to introducing new relations, and, therefore, to a new group.

Definition. We denote by G, the group ({go; o € A}; R,), where R, consists of

9o 95 =9p 9o  fora L, (type L)

9a08 * Ga = Ja * Ja00g5 (type 0)
92108 Yo = Yo * Ja018; (type 10)
9118 * Jo = Jo * Jalfs (type 11)
9ol Ja " 9ab = Ja * Ja- (type 1)

It can now be proved that the (partial) action « of (AU A™1)* on T, factors through G,,
and, if we say that two terms are A-equivalent if we can transform the first into the second
using asociativity, we have the following counterpart to Proposition 1.5:

Proposition 1.6. [6] For every term t, the A-equivalence class of t is the orbit of t under
the (partial) action of G,, and this action is faithful: the term t' is A-equivalent to t if and
only if t' = (t)sa holds for some a in G,, and, in this case, the involved element a is unique.



Thus, the group G4 is an exact counterpart to the group G,,. From a technical point of
view, the results and the proofs are much easier in the case of associativity because the
action is never empty in the latter case.

Proposition 1.7. The group G, is (isomorphic to) Thompson’s group F'.

Proof. (sketch) One of the standard presentations of F'is [1]
(X0, X1, Xoy oo 5 X' X X = X for kb < m).

Let us consider the elements g;: in G,. An induction on the number of 0’s in « shows
that, for every address a, g, belongs to the subgroup of G, generated by the gy:’s, i.e., the
elements g: generate G,. Moreover, for k < n, we have g "1gingix = gin+1 by type 11
relations. Hence the mapping X; — g¢;: induces a surjective morphism of F' onto G,.
Conversely, for each address o, we define an element Y, in F' inductively on the number
of 0’s in a by Y, = X; for o = 1%, and

Yo=Yyt ym,ﬂYﬂ—l}cyﬁ—liﬂyglkymkfl Y5 Ys

for o = $01%. The elements Y, satisfy the relations R, so g, — Y, induces a surjective
morphism of G, onto F', which is the inverse of the above morphism of F' onto G,. |

Let us mention that a similar approach can be developed for every family of algebraic
identities, and refer to [9], where studying the associated group leads to a solution of the
word problem of the identity z(yz) = (zy)(yz).

2. A LINEAR ORDERING ON FINITE BINARY TREES

Terms (i.e., finite labeled binary trees) can be equipped with several orderings. Here we
consider the linear ordering on 1, that uses the left height as a discriminant, the latter being
defined as the length of the leftmost branch in the associated tree. To make the definition
precise, we encode every term by a word and then use a lexicographical ordering.

Definition. For ¢ a term, the left Polish form of t is the word [t] over the alphabet

{x1,x9,...,e} defined by the following inductive clauses:
[] = t if ¢ is a variable,
- O[[tlﬂ[[tg]] for t = tl'tz.

For instance, the left Polish form of the term z1-(zo-x3-24)-x5 is the word ez eexoexr3r 5.
When the term t is viewed as a tree, the word [t] is obtained by enumerating the variables
of t from left to right and letting each occurrence of a variable be preceded by as many
letters e as there are final 0’s in the corresponding address. For w a word over the alphabet
{z1,22,...,0}, we denote by # (w) and #(w) the number of letters x; and of letters e in w
respectively. By standard arguments, we have the following characterization:

Lemma 2.1. Assume that w is a word over the alphabet {x1,xo,...,e}. Then w is the left
Polish form of a well formed term if and only if we have # (w) = #,(w)+1, and # (u) < #,(u)
for every proper prefix u of w.

Definition. Assume that ¢, t2 are terms in 15,. We say that t; <, t2 holds if the word [t1]
precedes the word [t2] in the lexicographical extension of the linear ordering z; < za <
< oo,



By construction, the relation <, is a linear ordering on 1., and x; is minimal for <,. If
ht, (¢) denotes the left height of the term ¢, the word [t] begins with ht, (¢) letters o followed
by a variable. So, ht, (¢1) < ht, (t2) implies t1 <, ta.

Lemma 2.2. The inequality t; <; to implies t1-t3 <, to-t4 for all terms t3, t4.

Proof. Lemma 2.1 implies that a proper prefix of the left Polish form of a term is never the
left Polish form of a well formed term. Hence ¢; <, t2 holds if and only if the words [¢;]
and [t2] have a variable clash of the type “variable vs. ®”. Then the words [t1-t3] and [t2-t4],
i.e., oft1][ts] and e[t2][t4], have a similar clash. [ |

We deduce several equivalent characterizations of <.

Lemma 2.3. Assume that t1, ty are terms in 1,,. If t| is a variable, say x;, then t| <; to
holds unless t; is a variable x; with j < ¢. Ift; is not a variable, thent, <, t, holds if and only
if either sub(t1,0) <, sub(ta,0) holds, or sub(t1,0) = sub(ta,0) and sub(t1,1) <, sub(tz, 1)
hold.

Proof. Assume t; <, to, and neither ¢; nor to are variables. Three cases are possible.
For sub(t1,0) <, sub(tz,0), Lemma 2.2 implies ¢t; <, t3. For sub(t1,0) >, sub(tq,0), we
obtain t; >, to symmetrically. Finally, for sub(¢;,0) = sub(t2,0), t; <, t2 is equivalent to
sub(t1,1) <, sub(te, 1) by definition. |

In order to state the next result, we need the easy notion of the left edge of an address.

Definition. For v an address, the left edge of o is the finite sequence (40, ..., a,0), where
aq, ..., oy are those prefixes of o such that a1, ..., a1 are prefixes of o, enumerated in
increasing order.

For instance, the left edge of 010011 is the sequence (00,01000,010010). As an induction
shows, the length of the left edge of the address « is the number of 1’s in a.

Lemma 2.4. Assume that t1, to are terms in 1.,. Then the following are equivalent:

(i) The relation t; <, to holds;

(ii) There exists an address « in the skeletons both of t1 and of ty such that sub(ty, 3) =
sub(tq, 3) holds for every (3 in the left edge of a, and sub(t1,«) <, sub(ta, ) holds.

(iii) There exists an address o both in the outline of t; and in the skeleton of ty such
that sub(t1, 3) = sub(ta, 3) holds for every ( in the left edge of o, and either sub(tq, @) is a
variable larger than var(t1,«), or it is not a variable.

Proof. An induction on « shows that, if a belongs to the skeleton of the term t and
(o, ..., ) is the left edge of a, then the word [t] begins with

oF1[sub(t, oy ) @*2 [sub(t, as)] . . . #*» [sub(t, o, )]#" [sub(t, )], (2.1)

where k; is the number of final 0’s in «; and k is the number of final 0’s in «. The result is
obvious for a@ = ¢, and, otherwise, it follows from an easy induction on ¢. Then, by definition
of a lexicographical ordering, it follows from (2.1) and from the fact that a proper prefix of
a left Polish form is never the left Polish form of a well formed term that (ii) implies (i).
By construction, (iii) implies (ii). Finally, assuming (i), and letting o be the address of
the first position where the words [¢t;] and [t2] disagree, we obtain (iii) using the explicit
expansion of (2.1). [ |



For the next result, we introduce another preordering on terms.

Definition. Assume that t1, to are terms. We say that ¢; C ¢ holds if and only if ¢; is an
iterated left subterm of t5, i.e., t; = sub(ts, Ok) holds for some k& > 0. We say that t; ., to
holds if there exist two terms t|, ¢}, satisfying t| =, t1, th =5 to, and ¢} C t5.

It is known [4] that the relation ., induces an ordering on 7.,/ =5, whose restriction
to Th /=.p is linear.

Lemma 2.5. Assume that ty, ty are C,,-comparable terms in I.,. Then the following are
equivalent:

(i) The relation t; <, to holds;

(ii) There exists an address « in both in the outline of t; and in the skeleton of ty such
that sub(ty, 3) = sub(ts, 3) holds for every [3 in the left edge of o, and sub(ts, «) is a term
of left height at least 1 whose leftmost variable is var(ty, o).

Proof.  Assume (i). Then there exists an address « satisfying the conditions of
Lemma 2.4(iii). We claim that sub(ts, @) cannot be a variable. Indeed, assume sub(t;, ) =
x; and sub(te,a) = z; with j > i. Let (ai,...,a,) denote the left edge of a. Let us
consider for a while the right Polish form of terms: for ¢ a term, we denote by [t] the word
inductively defined by: [t] = ¢ if ¢ is a variable, and [t] = [t1][tz]e for t = ¢1-t. Then,
the word [t1] begins with [sub(¢1,aq)]...[sub(t1, og)]z;, while the word [t2] begins with
[sub(t1,a1)] ... [sub(t1, aq)]x;. By the results of [4], this is known to contradict the hypoth-
esis that ¢; and ty are C,,-comparable. So the only possibility is that sub(ts, «) is not a
variable, and that its leftmost variable is ;. This gives (ii). That (ii) implies (i) follows
from Lemma 2.4. |

The left ordering of terms satisfies several invariance properties. Let us define a substitution
to be a mapping of {x1,xo,...} into Tix. If h is a subtitution and ¢ is a term in T, we
denote by t" the term obtained from ¢ by replacing each variable z; occurring in ¢ with the
corresponding term h(x;). Note that the mapping ¢ — t" is an endomorphism of the free
magma (1, -), and that every endomorphism of (7%, -) has this form.

Proposition 2.6. Assume that t, to are terms in T, and h is a substitution of T,,. Assume
in addition that at least one of the following conditions holds:

(i) We have h(z;) <, h(x;4+1) and ht, (h(z;)) = ht, (h(x;41)) for every i;

(ii) The terms t; and ty are C,,-comparable.
Then t1 <; ty holds if and only if t’f < tg does.

Proof. As <, is a linear ordering, it suffices that we show that t; <, to implies t’f < té‘. So
assume t1 <, to. By Lemma 2.4, there exists an address « such that sub(ty, 5) = sub(ts, )
holds for every (3 in the left edge of o, sub(¢1, «) is a variable say z;, and sub(ts, ) is either
a variable x; with j > 4, or it is a term that is not a variable. When Condition (ii) holds,
by Lemma 2.5, we can assume in addition that sub(tq, @) is a term with leftmost variable x;
and left height at least 1. Applying the substitution h, we obtain sub(t?,3) = sub(t}, 3)
for every 3 in the left edge of o. Then we have sub(t?, &) = h(x;). Three cases are to be
considered.

If Condition (i) holds and we have sub(ty, o) = z; with j > 4, we obtain sub(t},a) =
h(z;) >, h(z;) = sub(t},a). If Condition (i) holds and sub(fs, ) is not a variable, the
hypothesis on h implies ht, (sub(t4,«)) > ht, (sub(t?, a)), hence sub(t},a) <, sub(t}, a).
Finally, if Condition (ii) holds and sub(ts, ) is a term with leftmost variable x; and left
height k& > 1, we find ht, (sub(¢}, «)) = ht, (h(z;)), and ht, (sub(t4, «)) = ht, (h(z;))+k, hence
sub(th, a) <, sub(t,a). So, sub(t?,a) <, sub(th, a) holds in every case. By Lemma 2.4,
this implies th <, t4. |



Definition. For t a term in T, we denote by t' the projection of t in T}, i.e., the image
of ¢ under the substitution that maps every variable to x;.

Corollary 2.7. (i) Every substitution of Ty preserves the ordering <j.
(ii) If t; and ty are C,,-comparable terms, then t1 <, ts is equivalent to tI <t t;.

Other characterizations of the linear ordering <, can be mentioned. For instance, if
we assume that ¢, ¢, to are terms and the outline of ¢ is included in the skeleton
of t; and t5, then, letting (a1,...,q;) be the left-right enumeration of the outline of ¢,
t1 <, t2 holds if and only if the sequence (sub(ti, a1),...,sub(t1,ay)) precedes the sequence
(sub(ta, 1), ...,sub(ts2, ap)) in the lexicographical extension of <, to T%.

In the special case of 17, it can also be checked that ¢; <, ¢ holds if and only if the
left—right increasing enumeration of the outline of ¢; precedes the left-right increasing enu-
meration of the outline of t; with respect to the lexicographical extension of the prefix
ordering of addresses to A*.

3. THE LINEAR ORDERING ON G,,

We use now the partial action of the group G, on the linearly ordered set (T3, <.) to
define a linear ordering on G,,. The ordering so defined has nice properties, in particular it
is compatible with multiplication on both sides, so Gy, is a bi-orderable group.

The first step is to prove that the action of G, on 1., preserves the ordering <, .

Proposition 3.1. For all terms ty, to in T, and every a in G, such that (t1)a and (t2)a
exist, t1 < to holds if and only if (t1)a <, (t2)a does.

Proof. As G, is generated by the elements g, with a € A, it suffices to prove the result
for the latter elements, i.e., to prove that, if « is an address, and t1, t are terms then
t1 <, t2 is equivalent to (t1)a <, (t2)a when the latter terms are defined. As the action
of « is injective, it suffices to prove that ¢; <, to implies (t1)a <, (t2)a. We use induction
on «. Assume first that « is the empty address. The hypothesis that (¢1)¢ and (t2)¢ exist
implies that sub(t.,0), sub(t., 10), and sub(t., 11) exist for e = 1,2, and we have the explicit
decompositions
[te] = o[sub(te,0)]o[sub(te, 10)][sub(t., 11)],

and
[(te)A] = ee[sub(t.,0)][sub(t., 10)]e[sub(t., 0)][sub(te, 11)].

By Lemma 2.3, only three cases are possible, namely

- sub(t1,0) <, sub(ts,0), or

- sub(t1,0) = sub(t2,0) and sub(¢1, 10) <, sub(ts, 10), or

- sub(t1,0) = sub(ta,0), sub(t1, 10) = sub(t2, 10) and sub(t1,11) <, sub(tz, 11),
and the result is clear in each case.

Assume now « = 0. Then we have (t.)a = sub(t.,0)3-sub(t., 1). Two cases are possible.
For sub(t1,0) <, sub(ts,0), by induction hypothesis, we have sub(t1,0)5 <, sub(tz,0)3, and,
therefore, (t1)a <, (t2)a. For sub(t;,0) = sub(ts,0) and sub(1,1) <, sub(t2,1), we have
sub(t1,0)3 = sub(tz,0)3, and, again, (t1)a <, (t2)a.

Assume finally o = 1. Then we have (t.)a = sub(te,0)-sub(t., 1)3. Two cases are pos-
sible again. For sub(t1,0) <, sub(tz,0), we deduce (t1)a <, (t2)a directly. For sub(t1,0) =
sub(tz,0) and sub(t1,1) <, sub(ts, 1), the latter inequality implies sub(t1,1)3 <, sub(tz,1)3
by induction hypothesis, and we deduce (t1)a <, (t2)a again. [ |
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Lemma 3.2. Assume that a belongs to G, \ {1}. Then t <, (t)a holds whenever (t)a is
defined.

Proof. 1t suffices to consider the case of a single address «a. If « is the empty address, the
result follows from the equality ht, ((¢)¢) = ht, () + 1. Otherwise, we use an induction on «,
or simply resort to Lemma 2.4: by the previous argument, we have sub(¢, ) <, sub((¢)c, ),
and, by construction, sub(¢, 3) = sub((t)«, 3) holds for every (3 in the left edge of a. |

The next step consists in using the action of the submonoid G, of G,, on T, to order G;f,.
For each element a of G, we shall need a characterization of those terms ¢ for which (¢)a
is defined. Let us say that a term ¢ is canonical if the list of all variables that occur in ¢,
enumerated from left to right ignoring repetitions, is an initial segment of (z1,z2,...). The

following result is proved in [3] (in a general framework).

Proposition 3.3. Assume that ay,...,ay are elements of G,,. Then there exists a unique
canonical term t,(aq,...,ax) such that, for every term t, the terms (t)ay,...,(t)ay all are
defined if and only if t = t,(ay, . ..,ax)" holds for some substitution h.

Lemma 3.4. For a,b € G}, the following are equivalent:
(i) There exists a term t in T, such that (t)a <, (t)b holds;
(ii) The inequality (t.(a,b))a <. (t.(a,b))b holds;

(iii) For every term t in Ty, such that (t)a and (t)b exist, (t)a <, (t)b holds.

Proof. That (ii) implies (i) and (iii) implies (ii) is clear. So assume (i). By construction,
there exists a substitution h satisfying ¢ = t,(a,b)", and our hypothesis is the inequality
(t.(a,b))a <, (t.(a,b)")b, d.e., ((t.(a,b))a)® <, ((t.(a,b))b)*. The terms (t,(a,b))a and
(t.(a,b))b are LD-equivalent, hence, by Proposition 2.6, the previous inequality is equivalent
to (t.(a,b))a <, (t.(a,b))b, which gives (ii), and, then, to ((t.(a,b))a)? <, ((t.(a,b))b)? for
every substitution g, which gives (iii). |

Definition. Fora,b € G,

T, we say that a < b holds if the equivalent conditions of Lemma 3.4
are satisfied.

Proposition 3.5. The relation < is a linear ordering on the monoid G;}, that is compatible
with multiplication on both sides; it admits 1 as a minimal element.

Proof. That the relation < is irreflexive is clear as <; is an ordering on terms. Assume
a < b < ¢ and let t be a term such that (t)a, (¢)b, and (¢)c are defined, for instance
t =1,(a,b,c). By Lemma 3.4, a < b implies (t)a <, (t)b, and b < ¢ implies ()b <, (t)c. We
deduce (t)a <, (t)c, which in turn gives a < ¢ by Lemma 3.4. So < is an ordering on G,
and it is linear as <, is a linear ordering on 7.

Assume now a < b, and let ¢ be an arbitrary element of G,%. Let ¢ be a term such that
both (¢)ca and (t)cb exist. By construction, we have (t)ca = ((t)c)a and (t)cb = ((t)c)b, so
the hypothesis a < b implies ((t)c)a <, ((t)c)b, which in turn implies ca < cb by definition.
With the same hypotheses, assume that (t)ac and (¢)bc are defined. Then (t)a < (t)b
holds by hypothesis, and, by Proposition 3.1, this implies ((¢)a)c <, ((¢)b)c, which in turn
implies ac < be by definition. Finally, assume a # 1. Then, by Lemma 3.2, ¢t <, (¢)a holds,
so, by definition, we have 1 < a. |
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It is now easy to extend the ordering of G\, to the whole of Gyp.
Lemma 3.6. For a,b,a’, V' € G satisfying ab™! = /b, a < b is equivalent to o’ < b.

Proof. By Proposition 1.1, there exist ¢, ¢ in G;} satisfying ac = a’¢’ and be = b/'¢/. Assume
a < b. Using the compatibility of the order with multiplication on the right, we deduce
ac < be, i.e., a'd < b, hence a' <¥. [ |

Definition. For ¢,d € G, we say that ¢ < d holds if cd=! = ab~! holds for some a,b
in G, satisfying a < b.

Proposition 3.7. The relation < is a linear order on the group G,, that extends the
order < on G;-,. This order is compatible with multiplication on both sides, and, therefore,
it is compatible with conjugacy.

Proof. For a, b in G;},, 1 = ab~! implies a = b, hence a £ b, hence, for every c in G,p,
¢ < c is impossible. Assume ¢ < d < e in Gyp,. There exist a1, b1, az, be in G, satisfying
ced™ 1 = albl_l, de ! = a2b2_1, a; < by, and as < by. Let ag, bz be elements of G}, satisfying
agb3 = b1a3. We find

ceil = albl_lagbgl = (alag)(bgbg)il.

The hypothesis a; < by implies aja3 < biag, the hypothesis as < by implies asbs < babs. By
hypothesis, we have byaz = agbs, so we deduce ajas < babs, and, therefore, ¢ < e. Hence
the relation < is an ordering on Gyp.

Assume a,b € G, and a < b holds in the sense of G;,. Then ab™! is an expression of ab™!
with a, b in G}, and a < b, i.e., a < b in the sense of G, holds. Thus the order < on Gy,
extends the previous order < on G;1,.

Assume now c,d,e € G, and ¢ < d. By definition, there exist a, b in G}, satisfying
cd™ = ab~! and a < b. Then we have (ce)(de)™" = ab™!, so ce < de holds as well. On the
other hand, let us express e as aobal with ag, by in G;,. There exist a1, b1, ag, b, as, bs
in G}, satisfying bgpa; = aas, boby = bba, asas = babs (Figure 3.1). Then, we find

(ec)(ed)™ = agby tabtboag ' = (aparaz)(aghibz) ™. (3.1)

The hypothesis a < b implies byaiasz = aasas < basaz = bbabs = byb1b3, whereas we deduce
aiaz < bibs, and, therefore, agaias < agbibs using compatibility with multiplication on the

left twice. By (3.1), this gives ec < ed. [ |

| ao

e »
ey

d b bg > b3
I > ’

c a a2 as
Aoy

e ° 14 “
| aO

Figure 3.1. Compatibility of order with multiplication on the left

We thus have proved our main result, namely that G, is a bi-orderable group. By general
results [18], we deduce

Corollary 3.8. The group G.p is torsion free, the group algebra CG., admits no zero
divisor, and it embeds in a skew field.
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The action of the group G, on terms is a partial action. In particular, some elements of G,
do not act, i.e., the domain of the associated operator is empty. Hence, we cannot compare
all elements of G, using their action on terms directly. However, using the action gives a
sufficient condition when it is defined.

Proposition 3.9. (i) Assume c¢,d € G, and there exists a term t such that (t)c and (t)d
are defined. Then ¢ < d holds in Gy, if and only if (t)c <, (t)d holds in T\,.

(ii) Assume ¢ € G, and there exists at least one term t such that (t)c exists. Then ¢ > 1
holds in G, if and only if (t)c >, t holds for any term t such that (t)c exists.

Proof. (i) Assume that ¢ is a term and (¢)c and (t)d are defined. By Proposition 1.1, there
exist a and b in G satisfying ¢='d = ab™!, hence ca = db. We cannot claim that (¢)ca is
defined in general, but, as a belongs to G, , the only possible obstruction for (t)ca to be
defined is the skeleton of (t)c being too small. Now, for every substitution &, the term t" is
eligible for the action of ¢ as well as t is, and we can choose h such that the skeleton of (t")c
is arbitrary large. Then (t")ca exists, so does (t")db, and we have (t")ca = (¢")db. Assume
now ¢ < d, hence a > b. We deduce (t)cb <, (t)ca = (t)db, and, therefore, (t)c <, (t)d. The
argument is symmetric for ¢ > d.

Point (ii) follows by taking d =1 in (i). [ |

4. ACTION OF GJ;, ON THE CANTOR SPACE AND THE REALS

We conclude the paper with the observation that the previous action of the monoid G}, on
finite binary trees induces an action on the Cantor space, viewed as a line at infinity for the
set A of all binary addresses.

We first introduce a partial action of G}, on addresses by using the origin function. The
idea is that, if a is an element of G, and ¢ is a term large enough to make sure that (¢)a
exists, then every address 3 in the skeleton of (t)a has a well-defined origin in the skeleton
of t. A direct definition can be posed easily.

Definition. Assume that «, (3 are addresses. The origin a(3) of 8 under « is defined by

16} if 6 L a holds or all is a prefix of 3,
() = a0y for g = a00v and 8 = a10~,
) alOy for 8 = a1y,

undefined if § is a prefix of al.

Lemma 4.1. (i) Defining ;- ...-ax(8) to be ai(...(ap(B)...) induces a partial left action
of Gt on A.

(ii) For a € G}, denote by a(f3) the image of 3 under the action of a, when it exists.
Then a(3) is defined if and only if some prefix 3 of [ lies in the outline of the term t(a),
and, in this case, we have a(f) = a(f')y where (3 is 3'7.

(iii) If t is a term with pairwise distinct variables, then, for every address (3 in the skeleton
of (t)a, the address a([3) is the unique address in the skeleton of t such that the variable

occurring at 3 in (t)a is the variable occurring at a(f3) in t.

13



The easy verifications are left to the reader.

Remark. We have switched from a right action to a left action here because the origin
function actually goes backwards: we could have considered instead the inheriting function
that associates with every address in the skeleton of a term ¢ its heirs in the term (t)a.
Inheriting corresponds to a right action, but, in contradistinction to the case of associativity,
it does not define a function on addresses, as a given address may have several heirs: for
instance, the heir of the address 0 under the action of ¢ consists of the two addresses 00
and 10, since the variable z in z(yz) has two copies at 00 and 10 respectively in (zy)(zz).
However, inheriting is injective, and we obtain a function by considering its inverse, which
is the current origin function.

The action of G}, on A is partial: by Lemma 4.1(ii), for each a in G;-,, a(3) is defined only
when [ is long enough, i.e., it does not lie in some neighbourhood of ¢ for the topology 7
on A associated with the distance defined by d(a,3) = 27" if @ # (8 holds and n is the
length of the greatest common prefix of & and 5. Now, by Lemma 4.1(ii) again, the action is
T -continuous on A, so we can extend it into an everywhere defined action on the 7-boundary
of A, which is the Cantor line A consisting of all N-indexed sequences of 0’s and 1’s.

Definition. For s € A and a € G;5,, the element a(s) of A is defined to be a(f)so, where 3
is the unique prefix of s lying in the outline of #,(a) and s = sy holds.

By Lemma 4.1, the previous action is defined everywhere. The reader can easily check

the equalities g4(000---) = g4(100---) = 000---, g4(00111---) = g4(10111---) = 0111 ---,
94(01000 - - -) = 1000 - - -. More generally, the action of g4 on Alis displayed on Figure 4.1.

LN 2 <A

—

t 4 ]

Figure 4.1. Action of G;}, on the Cantor set

Let us equip A with the lexicographical ordering, which corresponds to the usual ordering
of dyadic numbers, and with the associated topology.

o, the action of a on A s surjective, it is continuous on
the right, and it admits finitely many left discontinuities.

Proposition 4.2. For every a in G

Proof. The result is clear for every generator 7., and it is preserved under multiplication. W

The linear order of G}, can be defined in terms of the action of G}, on the Cantor line A:

Proposition 4.3. The action of G}, on A preserves the order in the sense that a < b
holds in G}, if and only if there exists so in A such that a(s) = b(s) holds for s < s, but
a(s) < b(s) holds for s > sg, s close enough to sg.
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Proof. Assume a < b in G;,. Let t be a term with pairwise distinct variables such that
(t)a and (t)b exist. By Lemma 3.4, we have (t)a < (¢)b, hence, as (t)a and (¢)b are LD-
equivalent, Lemma 2.5 tells us that there exists an address o such that « lies in the outline
of 1 and in the skeleton of to, sub((t)a, 3) = sub((¢)b, 3) holds for every 3 in the left edge
of a (hence for every 3 on the left of a such that the considered subterms exist), sub((t)a, o)
is a variable say x;, and sub((t)b, ) is a term of size at least 2 whose leftmost variable is z;.
Let so be @000---. By construction, a(s) = b(s) holds for s < sg. In particular, we have
a(sg) = b(sg) =000 - - -, where -y is the address where z; occurs in t. Let g be the left height
of the term sub((¢)b, ). For p > ¢, we have

a(a0P1000 - -) = 40P1000---, and  b(a0?1000---) = ~0P~91000 - - -

Hence we have a(s) < b(s) for points s arbitrarily close on the right of sg. As the action is
continuous on the right, this is enough to conclude. |

Finally, we can copy the previous left action of G;7, on A into an action on the real inter-
val [0,1) using the dyadic expansion. This amounts to associating with every element a
of Gt a piecewise affine mapping f, of [0, 1) into itself. For instance, [y is defined by

2x for 0 <z < 1/4,
Fo(z) = x+1/4 forl/4<xz<1/2,
AT Y2z -1 for1/2 < < 3/4,

x for 3/4 <z < 1.
1 ////, 1
3/4
1/2 1/2
1/4 1/4
0 1/2 3/4 1 0 1/2 3/4 1

Figure 4.2. Left self-distributivity vs. associativity: action at ¢ on the reals

In Figure 4.2 we have displayed the function fj; associated with the action of left self-
distributivity at ¢, i.e., at the root of the tree, and its counterpart when associativity replace
self-distributivity (when compared with the diagrams of [12], the current diagram is inversed
because we consider the origin function). Similarly, we have represented in Figure 4.3 the
rectangle diagrams associated with a few positive words both in the case of associativity, as
in [1], and left self-distributivity.

Using Proposition 4.3, we deduce:

Proposition 4.4. The relation a < b holds in G}, if and only if there exists a real x
satisfying a(z) = b(z) for x < z¢ and a(xg + €) < b(xg + €) for € small enough.

In the case of associativity, using the previous approach amounts to defining the action of
Thompson’s group F on the reals considered in [12]. Then the mappings f, are bijections, the
action is defined on the group, and not only on the monoid, the counterpart of Proposition 4.4
is straightforward, and we obtain a linear ordering on F' trivially. In the case of self-
distributivity, the result is not so easy, for some form of the nontrivial result expressed in
Lemma 2.5 is required.
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1]

action of ¢:

action of 1:

action of 0:

action of ¢-¢:

» -

Figure 4.3. Left self-distributivity vs. associativity: rectangle diagrams
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