THE GROUP OF PARENTHESIZED BRAIDS

PATRICK DEHORNOY

ABSTRACT. We investigate a group Be that includes Artin’s braid group B and Thomp-
son’s group F. The elements of Be are represented by braids diagrams in which the distances
between the strands are not uniform and, besides the usual crossing generators, new rescaling
operators shrink or strech the distances between the strands. We prove that Be is a group
of fractions, that it is orderable, admits a non-trivial self-distributive structure, i.e., one
involving the law z(yz) = (zy)(zz), it embeds in the mapping class group of a sphere with a
Cantor set of punctures, and that Artin’s representation of B into the automorphisms of
a free group extends to Be.

The aim of this paper is to study a certain group, denoted B,, which includes both Artin’s
braid group By [3, 9, 15] and Thompson’s group F' [32, 28, 10]. The group B, is generated by
(the copies of) B, and F', and its seemingly rich and deep properties appear to be a mixture of
those of B, and F'. Here, starting from a geometric approach in terms of parenthesized braid
diagrams, we give an explicit presentation of B, that extends the standard presentations of By,
and F, we prove that B, is a group of fractions, is an orderable group, and embeds into the
mapping class group of a sphere with a Cantor set of punctures and into the automorphisms
of a free group. Besides its group multiplication, B, is also equipped with a second binary
operation satisfying the self-distributivity law x(yz) = (zy)(xz). We prove that every element
of B, generates a free subsystem with respect to that second operation—which shows that the
self-distributive structure of B, is highly non-trivial—and we deduce canonical decompositions
for the elements of B,. The self-distributive structure is instrumental in proving most of the
above results about the group structure of B,.

Here the elements of B, are seen as parenthesized braids, which are braids in which the
distances between the strands are not uniform. An ordinary braid diagram connects an initial
sequence of equidistant positions to a similar final sequence, as for instance in

S

where the initial and final set of positions can be denoted eee. A parenthesized braid dia-
gram connects a parenthesized sequence of positions to another possibly different parenthezied
sequence of positions, the intuition being that grouped positions are (infinitely) closer than

ungrouped ones. An example is

where the initial positions are (ee)e and the ﬁnal positions are e(ee). Arranging such objects
into a group leads to 1ntrodu01ng, be81des the usual braid generators o; that create crossings,
new rescaling generators a; that shrink the distances between the strands in the vicinity of
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position i: as one can expect, the o;’s generate the copy of B, while the a;’s generate the
copy of Thompson’s group F'.

Parenthesized braids have been considered by D.Bar Natan in [1, 2] in connection with
Vassiliev’s invariants of knots and the computation of a Drinfeld associator. In these papers,
parenthesized braids, and more generally parenthesized tangles, are studied as categories, and
the question of finding presentations is not addressed.

The realization of B, as a group of parenthesized braids is not the only possible one, and
this group recently appeared in various frameworks. In [5, 6], M. Brin investigates a certain
group BV introduced as a torsion-free version of Thompson’s group V', and which admits a
subgroup BV that is isomorphic to B,. In [18], an independent approach leads to introducing B,
as the so-called geometry group for the associativity law together with a twisted version of the
semi-commutativity law. All these approaches are more or less equivalent, but we think that
parenthesized braids provide an especially intuitive and natural description. Larger groups
extending both braid groups and Thompson’s groups appear in [23, 21, 24].

The current paper is self-contained in that it requires no knowledge of the above mentioned
papers (by contrast, [18] resorts to results from the current paper). As for results, the only
overlap with other papers is the result that B, is a group of fractions, which is established using
Zappa-Szép products of monoids in [5], while we deduce it from general results involving the
word reversing technique.

Remark on notation. We follow the usual braid conventions: our generators ¢; are numbered
from 1, and the product corresponds to an action on the right (xy means x followed by y). For
coherence, we adopt a similar notation for Thompson’s group F, thus shifting indices and
reversing products: what we denote a; is x;_ll (or X;_ll) in the standard presentation of F' [10].
An index of terms and notation is given at the end of the paper.

The author thanks Matthew Brin for helpful comments and suggestions.

1. PARENTHESIZED BRAIDS

Throughout the paper, N denotes the set of all positive integers (0 excluded).

We construct a new group B, using the approach that is standard for braids, namely starting
with isotopy classes of braid diagrams. The difference is that we consider diagrams in which the
distances between the endpoints of the strands need not be uniform. Such sets of positions can
be specified using parenthesized expressions, like o((ee)e), where grouped positions are to be
seen as infinitely closed than the adjacent ones. This principle is implemented by considering
positions that are indexed by finite sequence of integers.

The current construction of B, is exactly as simple as that of B.,. Although making it
precise requires some notation, needed in particular in subsequent proofs, the ideas should be
clear, and many details can be skipped.

1.1. An intuitive description. A braid diagram consists of curves that connect an initial
sequence of positions to a similar final sequence of positions. In an ordinary braid diagram, the
positions are indexed by positive integers

1 2
and a generic diagram is obtained by stacking elementary diagrams of the type
1 2 i 1+1

X

or their reflections in a horizontal mirror.
Here we consider braid diagrams in which the initial and final positions need not be equidis-
tant, but instead the distances may be 1,€,€2,... with e < 1. This leads to considering that,
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between the positions 1 and 2, infinitely many new positions 1+¢€, 1+ 2¢, ... are possible, and
so on iteratively. Thus 2 + 3¢ + €2 or 1 + €3 are typical positions (Figure 1).

1 2 3
@0ce... ®0ce... Qe Q@ece... Qece...
xe ! l |\\
2 2te 242 2R3e
Q@ese.. @ece.. @ece.. LY e Q@ecs.. e
wel l |\\\\
243¢ 23ete?  ABet2e? 243etBe?
P Qoo e e P

FIGURE 1. The set of all positions realized using infinitesimal distances

Then, as in the case of ordinary braid diagrams, we can consider generalized braid diagrams
obtained by stacking (finitely many) elementary crossing diagrams
1 2 ) %

j+1
w2

in which all strands near position i cross over all strands near position ¢ + 1, and rescaling
diagrams

1 2 i+1

NN a7

in which the strands near position ¢ are shrinked by a factor € and all strands on the right are
translated to fill the gaps. We also allow the mirror images of the above diagrams. Our claim
is that such diagrams up to isotopy form a group, and this group is the object we investigate
in this paper.

Though intuitive, the previous informal description is partly misleading in that it involves
diagrams with infinitely many strands. The objects we really wish to consider are finite subdi-
agrams obtained by restricting to a finite set of positions. In this way, one exactly obtains the
diagrams that are arranged into a small category in [1, 2], the objects being the possible sets
of positions—which we shall see can be specified by parenthesized expressions or, equivalently,
finite binary trees—and the morphisms being the isotopy classes of braid diagrams.

A (minor) problem arises when we wish to make a group out of the previous objects. In
ordinary braid diagrams, the initial and final positions coincide, so, for each n, concatenating
n strand diagrams is always possible, which leads to the braid group B,. In our extended
framework, concatenating two diagrams Dj, D5 is possible only when the final set of positions
in D; coincides with the initial set of positions in Dy, and an everywhere defined product
appears only when we consider infinite completions, a situation similar to that of B..: to make
a group out of all ordinary diagrams, independently on the number of strands, one embeds B,
into B, for n < n’ and the elements of B, are then represented by infinite diagrams.

1.2. Sets of positions, parenthesized expressions and trees. For a more formal con-
struction, we first define the convenient sets of positions. Infinitesimal distances are intuitive,
but there Is no need to use them: the infinitesimals we consider are polynomials in €, and the
simplest solution is to index positions by polynomials, i.e., by finite sequences of nonnegative
integers. To make explicit geometric constructions easier, we also embed positions into the unit
interval using a dyadic expansion.

Definition 1.1. A finite sequence of nonnegative integers is called a position if it does not
begin or finish with 0. The set of all positions is denoted by N,. For s a position—or, more
generally, any finite sequence of nonnegative integers not beginning with 0—say s = (i1,... , %),
the dyadic realization of s is the rational number s# with dyadic expansion 0.1°7101%20... 1%,
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Intuitively, (i1, ... ,4p) corresponds to what is denoted i; +ige+- - -—|—ipep*1 in Figure 1. Under
the dyadic realization, we find (1)* =0, (2)* = 3, (3)* =3, ... and (1,2,1)* =0.01101 = £

(Figure 2). The requirement that positions do not finish with 0 is needed to guarantee that
both the infinitesimal and the dyadic realizations be injective on IN—alternatively, we can
allow final 0’s at the expense of identifying s and (s, 0).

(1) (1,1) (1,2) (1,3) 2) (2.1) (2,2) (3) (3,1) ) ().
(1,0,1) (1,0,2) (1,1,1) (2,0,1)
e L L
[ e e e e e
e LT Lo |
14+e2 14262 1dete2 242
1 1+ 14+2e¢ 143 2 2+e 2+2e 3+e 4 5 o

FIGURE 2. Realization of positions by dyadic numbers in the unit interval [0, 1], and
the corresponding infinitesimal numbers as in Figure 1

The set of positions involved in an ordinary braid diagram is an initial interval {1,2,... ,n}
of N. When we turn to N,, the role of such an interval is played by a finite binary tree—simply
called a tree in the sequel. We denote by e the tree consisting of a single vertex and by ¢1t5 the
tree with left subtree ¢; and right subtree t;. Every tree has a unique decomposition in terms
of e, so we can identify trees and parenthesized expressions (Figure 3). The right height of a
tree is defined to be the length of its righmost branch.

°/\/<\/>\/2\
(e0)e o(o0) o((s0)e)

FIGURE 3. Typical trees and the corresponding parenthesized expressions

Then we associate with every tree a finite set of positions as follows:

Definition 1.2. For ¢ a tree, we define a finite set of dyadic numbers Dyad(t) by the following
rules: Dyad(e) is {0, 1}, and Dyad(t;t») is the union of Dyad(t;) contracted from [0, 1] to [0, 1]
and of Dyad(t;) contracted to [1,1]. Then Pos(t) is defined to be the set of all positions s such
that s* belongs to Dyad(t) with the largest two elements removed.

Example 1.3. Let ¢, denote the size n + 1 right vine o(...(e(ee))...), n+ 1 times o. Then
Dyad(c,,) is {0, %, %, ceey 1—%, 1}, e, {(1)*,(2)%, ..., (n+1)*,1}, and Pos(¢,,) is {(1), ... ,(n)}.
For t = e((ee)e) (the last tree in Figure 3), we find Dyad(t) = {0,3,3,3,1}, hence
Dyad(t) = {(1)%, (2)%, (2, 1)%, (3)%, 1}, and Pos() = {(1), (2), (2, 1)}.

Lemma 1.4. Every tree t is determined by the set of positions Pos(t).

Proof. An obvious induction shows that ¢ is determined by Dyad(t). So the only problem is
that, in Pos(¢), the last two elements of Dyad(t) are forgotten. Now the last element of Dyad(t)
is always 1, and an induction shows that the forelast one is (n + 1)#, where n is maximal such

that (n) belongs to Pos(t) (e.g., (3)*, i.e., 2, in the example above). O

Remark 1.5. Instead of using Dyad(t), we can attribute to each node in a binary tree an
address that is a sequence of positive integers as in Figure 16 below; then Pos(t) consists of
the addresses of the leaves in t, up to removing the last address, diminishing by 1 all non-
initial factors and removing the final 0’s in each sequence. Our notational convention may
seem strange at first, because the initial and non-initial entries in a position are not treated
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similarly in the dyadic realization: the former is diminished by 1, the latter are not. A more
homogeneous definition would force either to index positions starting from O0—and therefore
numbering the braid generators o; from 0, which is unusual—or to identify s with (s,1) and
not with (s, 0)—which is not intuitive.

1.3. Parenthesized braid diagrams. The diagrams we consider are constructed from two
series of elementary diagrams indexed by letters ail and afﬂ, and, therefore, a diagram will
be specified using a word on these letters. In the sequel, such a word is called a o,a-word, or,
simply, a word. A word containing only letters aiﬂ (resp. aiﬂ) will be called a o-word (resp. an
a-word). Our aim is now to construct a parenthesized diagram D;(w) for w a word and ¢ a large
enough tree, exactly as the ordinary diagram D,,(w) is defined for w a word in the letters UjEl
and n a large enough integer. For ¢ of size n + 1, hence defining n positions, D;(w) consists of
n strands that connect the positions of Pos(t), considered as embedded in the unit interval, to
n new positions.

If [z,y) and [2/,y") are subintervals of [0,1), we say that we connect [z,y) to [2',y) ho-
mothetically to mean that each point (z,0) in [z,y) x {0} is connected to the point (z’,1)
of [2',y') x {1} that satisfies (2 —2')/(z' —¢') = (z — 2)/(z — y).

Definition 1.6. (Figure 4) For ¢ a tree of right height at least i + 1, the diagram D;(o;)
homothetically connects [(¢)#, (i + 1)#) with [(@ + 1)#, (i + 2)#), then [(i + 1)*, (i + 2)*)
with [(2)*, (i + 1)#) with strands crossing under those of the previous family, and, finally,
[(k)*, (k + 1)#) with itself for k # 7,7 + 1.

The diagram Dy (a;) homothetically connects [(k)#, (k + 1)#) with itself for £ < ¢, then
[())#, (i + 1)#) with [(4)*, (i, 1)*), next [( + 1)#, (¢ + 2)*) with [(¢,1)#, (¢ + 1)*), and, finally,
[(k)*, (k+ 1)#) with [(k — 1)*, (k)*) for k > i+ 1.

each strand here crosses
i over each strand there

W* (iys)* T+ DF (80 (i42)*
-~ /

ICOR! =

(Oks (i,s")* GH1)# (iH,5)*  (i+2)*

contraction by a factor 2 dilatation by a factor 2
} translation 5 l

I(Z (Z+1 (#+1,7,s" # #(i42)% (i43)%
Dy(a;) : l / /// / /

* (4,0,8)% (i,1)7 (4,541, ) 7 (i+1)# (i+2)*

FIGURE 4. The diagrams D;(0;) and D¢(a;): in D¢(o;), the positions coming from
[(3)#, (i+1)*) and from [(i+1)%, (i+2)*) are exchanged, with a contraction/dilatation
factor 2 due to the dyadic realization; in D:(a;), the positions in [(i)#, (i + 1)#) are
contracted by 2, those in [(i + 1)#, (i + 2)#) are translated to the left, and those
in [(k)#, (k + 1)¥) are translated to the left and dilated by 2. In terms of positions,
D¢ (o) exchanges (i, s) and (i+1, s) for every s, while D, (a;) connects (i, s) to (¢, 0, s),
then (¢ +1,4,s) to (i,5 + 1,5s), and (k,s) to (k—1,s) for k > i+ 2.

In contrast to the case of By, the diagrams D;(o;) or D;(a;) so defined cannot be carelessly
stacked since the final positions of the strands need not coincide with the initial ones. Now,
the changes correspond to an easily described (partial) action on trees.



6 PATRICK DEHORNOY

Definition 1.7. (Figure 5) For ¢ a tree, the unique sequence of trees (¢1,...,%,) such that ¢
factorizes as t1(t2(... (tp®)...)) is called the (right) decomposition of ¢, and denoted by dec(t).
For t a tree with dec(t) = (t1,... ,t,) with n > i, we define the trees ¢« o; and t « a; by:

(1) dec(t . (72‘) = (th N 7ti71;ti+17ti7ti+27 . 7tn),
(2) dec(t . ai) = (tl, N ,ti_l, titi+1a ti+2, PN ,tn).

Then, one inductively defines t « w for w a word so that t« w™' = ¢’ is equivalent to ¢/ e w =t
and t« (wyws) is equal to (tewy) o wo.

S
< —

S

titipdapo K\

tn

FIGURE 5. Action of ; and a; on a tree: o; switches the ith and the (i+1)st factors
in the right decomposition, while a; glues them.

The definition implies that the final positions of the strands in D;(o;) and D;(a;) are Pos(tso;)
and Pos(t.«a;), respectively. Completing the construction of the diagram D;(w) is now obvious.

Definition 1.8. The diagrams D;(o; ') and Dt(afl) are defined to be the mirror images
of Diuy,(0;) and Dy, (a;), respectively. Then, for w a word and ¢ a binary tree such that
t « w is defined, the parenthesized braid diagram D;(w) is inductively defined by the rule that,
if w is zw’ where z is one of o-1, aF!, then Dy (w) is obtained by stacking D;(x) over Dy, (w').

An example is displayed in Figure 6. Ordinary braid diagrams are special cases of parenthe-
sized braid diagrams: an n strand braid diagram is a diagram of the form D;(w) where ¢ is the

right vine of size n + 1 and w is a o-word.

1(1|)# (1i1)# (2Ii (3|)# 1I51I+61 2|\1 ?I) (oo)(eo)
: S // // (e0)(e0)
o((ee)0)

\\ o(e(e0))

o o(e(e0))
| |// I *((¢)0))

I I
(1H# (27%(2,1)%(3)* 1 22+¢ 3

» PO D

FIGURE 6. The dyadic realization of the diagram D(..)<..)(U§101a§101a2) and its
infinitesimal version, which (of course) is topologically equivalent; at each step, the
corresponding set of positions is displayed, both as a parenthesized expression (the
last node is marked o because it contributes no position) and as a binary tree.

An easy induction gives:

Lemma 1.9. For every tree t and every word w, the diagram Di(w) is defined if and only if
the tree t « w is, and, in this case, the final positions in Dy(w) are Pos(t « w).
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1.4. The group of parenthesized braids. According to Artin’s original construction, braids
can be introduced as equivalence classes of braid diagrams. Viewing a diagram as the projection
of a 3D-figure, one considers the equivalence relation corresponding to ambient isotopy of 3D-
figures. As is well-known, this amounts to declaring equivalent those diagrams that can be
connected by a finite sequence of Reidemeister moves of types I and III (Figure 7).

Mx By

FIGURE 7. Reidemeister moves of type II (left) and III (right); the only requirement
is that the endpoints remain fixed

From a topological point of view, parenthesized braid diagrams are just ordinary diagrams,
so they are eligible for the same notion of equivalence:

Definition 1.10. Two parenthesized braid diagrams are declared equivalent if and only if they
can be transformed one into the other by using Reidemeister moves of types II and III (and
keeping the endpoints fixed).

Our aim is to make a group out of parenthesized braids—not only a groupoid, i.e., a category,
as in [1, 2]. As mentioned above, the problem is that we cannot compose arbitrary diagrams.
It can be solved easily by introducing a completion procedure and defining the group operation
on the completed objects. In the case of ordinary braids, the only parameter is the number
of strands, and, in order to compose two diagrams D,,, (w1), Dy, (wz) with, say, na > ny, one
first completes D,,, (w1) into the ny-diagram D,,, (wq) obtained from D,,, (w1) by adding ny —ny
unbraided strands on the right. The previous construction amounts to working with infinite
diagrams. For each braid word w, the diagrams D,,(w) make an inductive system when n varies,
and, defining Dy, (w) to be the limit of this system, we obtain a well-defined product on infinite
diagrams. Moreover, as the completion preserves equivalence, the product so defined induces a
group structure, namely that of B

The procedure is similar for parenthesized braid diagrams, the appropriate ordering being
the inclusion of trees viewed as sets of nodes.

Definition 1.11. For ¢t trees with ¢ C ¢/, we denote by ¢, the completion that maps D;(w)
to Dy (w) whenever D;(w) exists.

The explicit construction of parenthesized braid diagrams makes the completion procedure
easy: as shown on Figure 8, the diagram Dy (w) for ¢’ D t is obtained by keeping the existing
strands, and adding new strands in D;(w) that always lie half-way between their left and right
neighbours—or 1 if there is no right neighbour. The only difference with ordinary diagrams
is that there is in general more than one basic extension: the only way to extend the inter-
val {1,2,... ,n} into a bigger interval is to add n + 1 while, in a tree ¢, each leaf can be split
into a caret with two leaves, so there are n + 1 basic extensions when t specifies n positions. As
an induction shows, splitting the kth leaf amounts to doubling the kth strand.

The following observations gather what is needed for mimicking the construction of By,

Lemma 1.12. (i) For each word w, the system (Dy(w), ¢y ) is directed;
(ii) Diagram concatenation induces a well-defined product on direct limits;
(i4i) The completion maps are compatible with diagram equivalence.
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Qe (s(s0))(2) A

\ o((we)(0)) />\

‘ (oo)(o(e0)) N

/ ((“).)(.O) ’<\

© @ W lan |
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FIGURE 8. Completion of D(esye(a; ' 01a1) into Die(es)y(es)(a; ‘o1a1): two more
leaves in the tree, two more strands in the braid

Proof. For (i), for any two trees ti,ts, there exists a tree ¢ that includes both ¢; and ¢y, for
instance the tree whose nodes are the union of the nodes in ¢; and t5. For (i7), the comple-
tion ¢y is compatible with the product in that, if D;(w;) and Dy, (w2) exist so that Dy (wiws)
is defined, then, for each tree ¢’ including ¢, the diagram Dy (wjws) exists and we have

Dt/(w1w2) = Dt/(wl) Dyt ewn (wz)-
Finally, (ii7) follows from the description of completion in terms of strand addition. O

For each word w, let us define Dq(w) to be the direct limit—actually, by construction, just
the union—of the inductive system of all D;(w)’s. We call it an infinite parenthesized braid
diagram. Then concatenation induces an everywhere defined product on infinite parenthesized
braid diagrams, and isotopy induces a well-defined equivalence relation that is compatible with
the previous product. Then the same argument as for ordinary braid diagrams gives:

Proposition 1.13. Isotopy classes of infinite parenthesized braid diagrams make a group.

Definition 1.14. The group of isotopy classes of infinite parenthesized braid diagrams is called
the group of parenthesized braids, and denoted B,; its elements are called parenthesized braids.

1.5. Relations in B,. By construction, the group B, is generated by the elements ¢; and a;.
An obvious task is to look for a presentation in terms of these elements. For the moment, we
just observe that certain relations are satisfied in B,. That these relations make a presentation
of B, will be established in Section 3 below.

Lemma 1.15. Fori > 1 and j > i+ 2, the following relations induce diagram isotopies, hence
equalities in B,:

(3) 0,05 = 0504, 005 = 04, ;51 = A;G4, ;051 = 0404,
03074104 = 0i4+10i04+1, 0i+10iGi+1 = G404, 0;0i4+10; = Q34105
Proof. The graphical verification is given in Figure 9. O

Relations (3) include the standard braid relations, as well as the relations a;a; = a;_1a, for
j = i+ 2, which correspond to the standard presentation of Thompson’s group F' up to the
change of name a; = x;ll. In order to subsequently prove that (3) gives a presentation of B,,
it is convenient to introduce the abstract group presented by these relations.

Definition 1.16. We degote by o, and a, the families of all o;’s and of all a;’s, and by R, the
relations (3). We define B, to be the group (a., o ; Re).

Lemma 1.15 states that the identity mapping on o, and a, induces a surjective morphism
of B, onto B,. One of our aims will be to prove that this morphism is an isomorphism.
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FIGURE 9. The relations of Re and the corresponding diagrams isotopies (here in
infinitesimal realization)

2. ALGEBRAIC PROPERTIES OF THE GROUP B,

A number of algebraic properties of the group B, can be deduced from its explicit presen-
tation, as we shall easily see using a specific combinatorial method called word reversing. The
main results we prove are that B, is a group of left fractions, that it is torsion-free, and that it
contains copies of the braid group B, as well as of Thompson’s group F.

2.1. The word reversing technique. In order to study the group E., we resort to general
algebraic tools developed in [14, 16] and connected with Garside’s seminal work [22]. This com-
binatorial method applies to monoid presentations and it is relevant for establishing properties
like cancellativity or embeddability in a group of fractions.

For X a nonempty set (of letters), we call X-word a word made of letters from X, and
X*_word a word made of letters from X U X !, where X! is a disjoint copy of X containing
one letter 7! for each z in X. Then X-words are called positive, and we say that a group
presentation (X, R) is positive if R exclusively consists of relations v = v with u, v nonempty
positive words. We use (X ; R) for the group and (X ; R)* for the monoid defined by (X, R).
Note that the presentation (as, 0., Re) is positive.

Definition 2.1. [14, 16] Let (X, R) be a positive group presentation, and w,w’ be X *-words.
We say that w is right R-reversible to w’, denoted w ~ g w’, if w’ can be obtained from w using
finitely many steps consisting either in deleting some length 2 subword 'z, or in replacing a
length 2 subword !y by a word vu~! such that xv = yu is a relation of R.

Right R-reversing uses the relations of R to push the negative letters (those in X 1) to the
right and the positive letters (those in X)) to the left by iteratively reversing —+ patterns into
+— patterns. Note that deleting 2~ 'z enters the general scheme if we assume that, for every
letter x in X, the trivial relation x = x belongs to R.

Left R-reversing is defined symmetrically: the basic step consists in deleting a subword zz !,
or replacing a subword zy~! with v~ !u such that va = uy is a relation of R.

Example 2.2. Let us consider the presentation (a, 0., Re), and let w be the word 0'4710120'2710,1.
Then w contains two —+-subwords, namely o;lag and oy Ya1. So there are two ways of starting
a right reversing from w: replacing a4_1a2 with agsoy ! which is legal as o4a2 = as0s is a relation
of R,, or replacing 02_1111 with alagal_l, owing to the relation o9(01a2) = ajo1. The reader
can check that, in any case, iterating the process leads in four steps to a20102a30510f1. The
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latter word is terminal since it contains no —+ subword. It is helpful to visualize the process
using a planar diagram similar to a Van Kampen diagram as shown in Figure 10.

ay
02 01
a2 01 Qa2 v
04 o3 o3 02
A o WY A
ag o1 02 as

FIGURE 10. Right reversing diagram for o 'aso; 'a1: one starts with a staircase
labelled o, 'a20; 'a1 by drawing a vertical a-labelled arrow for each letter ™', and
an horizontal y-labelled arrow for each positive letter y. Then, when ™'y is replaced
with vu™!, we complete the open pattern corresponding to = 'y into a square by
adding horizontal v-labelled arrows and vertical u-labelled arrows.

If zu = yv is a relation of R, then 'y and vu~! are R-equivalent, hence w ~g w’ implies

that w and w’ represent the same element of (X ; R). A slightly more careful argument shows
that, if u,v,u/, v’ are positive words, then u=1v ~ g v'u/ " implies that wv’ and vu’ represent
the same element of (X ; R)*. So, in particular, if u,v are positive words, u='v ~p € (the
empty word) implies that u and v represent the same element of (X ; R)*. The converse need

not be true in general, but the interesting case is when this happens:

Definition 2.3. [16] A positive presentation (X, R) is said to be complete for right reversing if
right reversing always detects positive equivalence, in the sense that, for all X-words u, v, one
has u~'v ~r & whenever u and v represent the same element of (X ; R)*.

Symmetrically, we say that (X; R) is complete for left reversing if uv~" is left R-reversible
to € whenever u and v represent the same element of (X ; R)*. The point is that there exists
a tractable criterion for recognizing whether a given presentation is complete for reversing—or
for adding new relations if it is not.

Definition 2.4. A positive presentation (X, R) is said to be homogeneous if there exists a R-
invariant mapping A from X-words to nonnegative integers such that A(x) > 1 holds for every x
in X, and Muv) = A(u) + A(v) holds for all X-words u,v.

If all relations in R preserve the length of the words, then the length satisfies the requirements
for the function A and the presentation is homogeneous.

Proposition 2.5. [16] A homogeneous positive presentation (X, R) is complete for right re-
versing if and only if the following condition holds for each triple (x,y, z) of letters:

1 1 1

(4) z lyy e AR vu” with u,v positive implies v x~ 2u "R €.

Condition (4) is called the right cube condition for (x,y, z). Of course, a symmetric left cube
condition guarantees completeness for left reversing. We shall see now that the presentation
(ax,04; Re) is eligible for the previous criterion.

Lemma 2.6. The presentation (a«, 04; Re) is homogeneous.

Proof. The relations o;0;411a; = a;4+10; and 0;410;6,41 = a;0; do not preserve the length, so
the latter cannot be used directly. Instead we construct a twisted length function A so that,
in A(w), each letter a; contributes 1, but o; contributes nn’, where n and n’ are the numbers
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of strands involved in the diagram D.(w) for ¢ a sufficiently large right vine. Formally, we first
define an action of positive words on sequences of integers by:

(~ sy M1, My M1, 1542, - ) o G = ( sy N1, Ny +ni+1,ni+2>~~),
( ani717ni7ni+lani+27-">'Ui = ( 7ni717ni+17ni7ni+21'~')-

Then n; is the number of strands near position i, i.e., corresponding to positions (4, s), in D.(w),
and the action is compatible with the relations of R,. Then, for w a positive word, we put

Ae(a;, w) = 1 and Ae(0;,w) = nynipq for (1,1,...) e w = (n1,...,np). Finally, we define
Aw) = >, Ae(w(k), wy), where w(k) denotes the kth letter in w and wy, denotes the length k—1
prefix of w. Then A witnesses that (a., 0., Re) is homogeneous. O

Lemma 2.7. The presentation (a.,0.; Re) satisfies the right and the left cube conditions for
each triple of letters.

Proof. As there are infinitely many letters, infinitely many cases are to be considered. However,
it is clear that only the mutual distance of the indices matter, and, therefore, only finitely many
types occur. The verification is easy, and we postpone it to an appendix. O

Applying the criterion of Proposition 2.5, we deduce:
Proposition 2.8. The presentation (a.,0.; Re) is complete for both right and left reversing.

2.2. The monoid Ef Once the presentation (a., 0., Re) is known to be complete for revers-
ing, a number of results can be established easily. We begin with results involving the monoid
presented by the relations R,.

Definition 2.9. We denote by E:r the monoid (a., o, ; Re)™.

The elements of the monoids Ej are represented by positive words, and, by definition of
completeness, two such words u, v represent the same element in B:r if and only v~ v is right
R,-reversible to the empty word, if and only if uv™! is left Ro-reversible to the empty word. Let
us begin with cancellativity. The following criterion tells us that, whenever the presentation is
complete, the monoid is cancellative provided there is no obvious obstruction.

Lemma 2.10. [16] Assume that (X, R) is a positive presentation that is complete for right
reversing. Then (X ; R)™ is left cancellative whenever R contains no relation of the form xu =
xv.

There is no relation of the form a;,u = a;v, o;u = o;v, ua; = va;, uo; = vo; in R, so, using
the previous criterion and its symmetric counterpart, we deduce:

Proposition 2.11. The monoid gj admits left and right cancellation.

Let us now consider common multiples. Say that z is a least common right multiple, or right
lem, of two elements x,y in a monoid M if z is a right multiple of z and y, i.e., z = xx’ = yy’
holds for some z’,y’, and every common right multiple of z and y is a right multiple of z.

Lemma 2.12. [16] Assume that (X, R) is a positive presentation that is complete for right
reversing. Then a sufficient condition for any two elements admitting a common right multiple
to admit a right lem is that, for all x,y in X, there is at most one relation of the form xu = yv
in R. In that case, for all X-words u,v, the word uw~'v is right reversible to a word of the
form v'u' ™" with W/, v positive if and only if the elements represented by u and v in (X;R)*
admit a common right multiple, and then uv' represents the right lcm of these elements.

The presentation (a., o, Re) is eligible for the previous criterion, and we deduce:

Proposition 2.13. Any two elements of the monoid Ej that admit a common right (resp. left)
multiple admit a right (resp. left) lem.
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Standard arguments imply:
Corollary 2.14. Any two elements of the monoid Ej admit a left and a right gcd.

It remains to study whether common multiples do exist in §j . For right multiples, the
answer is negative: Lemma 2.12 tells us that the elements a; and as admit a common right
multiple in Ej if and only if the right reversing of the word aflag leads in a finite number of
steps to some positive-negative word. As there is no relation of the form a;u = azv in R., this
cannot happen, and, therefore, a; and as have no common right multiple in B}. The situation
is different for left multiples. In order to describe it, we need some notation.

Definition 2.15. For w a o-word and k a positive integer, we denote by w[k] the initial position
of the strand that finishes at position k in the braid diagram D(w), and by dby(w) the braid word
that encodes the diagram obtained from D(w) by doubling the strand starting at position k.
Similar notations are used for braids, which is legal as the needed compatibilities are satisfied.

Thus we have e[k] = k and dby(e) = ¢ for every k, and

i for k < 1,

k for k #i,i+1, Tit1 forkle

(5) oilk]=¢i+1 for k=1, dby, (o) = oiy10; for k= z-,
] for k=141 o041 fork=i+1,
z ’ 0; for k >i+1,
(6) wlk] = wi[walK]],  dby(w) = dby(wr) - db, -1 (wa)  for w = wywn.

Lemma 2.16. Left Ro-reversing always terminates in finitely many steps.

Proof. The result is not a priori obvious as the length of the words appearing during the
reversing may increase. By Garside’s theory, any two elements in the braid monoid B, admit
a common left multiple, and, therefore, the left reversing of any word wv~! with u, v positive
o-words terminates in finitely many steps. The same is true for a-words, since, in this case, the
length cannot increase. The only remaining case is that of mixed words involving both types
of letters. Now, in this case, we can describe the result of reversing explicitly. Indeed, we claim
that, for every positive o-word w and every positive integer k,

(7) w-ay " is left Re-reversible to a;[lk] - dby ) (w).

We use induction on w. For w = oy, one easily checks (7) in the various cases. For in-
stance, oja; " is left reversible to a; 'og01, and we have o1[1] = 2 and dby(oy) = 010s.
Then, for w = wyws, using the definition of left reversing and the hypothesis that (7) holds
for w; and wy, we obtain that wlwgagl is left reversible to wla;;[k] db,,, (k] (w2), and then to

111 WP [0 (8] (1) Ao 1) (w2), Whiich, by (6), is g, iy dby s (w). i

Applying Lemma 2.12, we deduce:
Proposition 2.17. Any two elements in the monoid Ef admit a left lem.

Another merit of word reversing is to make it easy to recognize what we can call parabolic
submonoids (and, similarly, subgroups).

Lemma 2.18. Assume that (X, R) is a positive presentation that is complete for left reversing,
and Xy is a subset of X. Let Ry be the set of all relations vx = uy in R with z,y € Xo. If
all words occurring in Ry are Xo-words, the submonoid of (X ; R)* generated by Xy admits the
presentation (Xg; Ro)™T.

Proof. The point is to prove that, if u,v are R-equivalent Xy-words, then u and v also are
Ry-equivalent, i.e., no relation in R \ Ry is neeeded to prove their equivalence. Now, by com-
pleteness, u and v being R-equivalent implies that vu~" is left R-reversible to e. The hypothesis
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on Ry implies that only letters from X appear during the reversing process. Therefore, the
latter is an Ry-reversing, and u and v are Ry-equivalent. O

We denote by F'* the monoid with presentation (a. ;a;a; = aj_1a; for j > i+ 2)", and call
it Thompson’s monoid.

Proposition 2.19. The submonoid of Ef generated by o, is (isomorphic to) the braid mon-
oid BL, while the submonoid generated by a, is (isomorphic to) Thompson’s monoid F*. Fach

element of Ef admits a unique decomposition in B x F*. The monoid g:’ is the Zappa-Szép
product of BY and F'* associated with the crossed product defined for B € B, and k > 1 by

(8) ay - 3 = db(B) - ag-1(x)-

Proof. An inspection of the relations in R, shows that the families o, and a. are eligible for
the criterion of Lemma 2.18, and the first part of the proposition follows. We henceforth
identify BZ, and F'* with the subgroups of Ef generated by o, and a., respectively.

Formula (8) is a direct consequence of (6), and, by a straightforward induction, it implies
Ej = BZ - F'*. So the only point to prove is the uniqueness of the decomposition in B x F'*.
Assume that uv and u'v’ are Re-equivalent, where u,u’ are o-words and v, v’ are a-words. By

completeness, this means that wvu’ ~1v'~! is left reversible to the empty Word Let uy, vy, ul, v}

l—>lu1v1 lu

be the intermediate words appearing in the reversing, as shown in l—>l
U1

v and v’ are positive a-words, so are v; and v{. By (6), the letters ak never Vanlsh when
they cross o;’s in a left reversing. Hence the only possibility for uv] ! to reverse to a positive
word w; is that v} is empty. Similarly, v; must be empty. As v; and v} are empty, v and v’
are Re-equivalent. On the other hand, v; and v} being empty implies u; = u and v} = «/, so
the hypothesis that uju} ~! reverses to & implies that u and u’ are Re-equivalent. (For general
Zappa-Szép products, see [7]—or [29] where the name “‘crossed product” is used.) O

2.3. The group B.. It is now easy to deduce results about the group B..

Proposition 2.20. (i) The monoid Ef embeds in the group E., and the latter is a group of left
fractions of Bf, i.e., every element of B, can be expressed as x ™'y with x,y in Ef Moreowver,
every element ofB can be expressed as f~131yg with 3, in B and f,g in F*.

(ii) The group B¥ is torsion free.

Proof. For (i), the monoid Bi satisfies Ore’s conditions on the left, i.e., it is cancellative and
any two elements admit a left lcm. The second decomposition follows from Proposition 2.19
and the equality Ej = B - F*. Point (ii) follows as every torsion element in the group of
fractions of a monoid admitting lem’s is a conjugate of a torsion element of the monoid [17].
As Ej has no torsion element but 1, the same holds in E.. O

Word reversing solves the word problem for the group B..

Lemma 2.21. A word w represents 1 in B. if and only if its double left Rq-reversing ends up
with an empty word, where double left reversing consists in left reversing w into v v with u, v
positive, and then left reversing vu™'.

Proof. Lemma 2.16 guarantees that, for every word w, there exist positive words u, v such that
w is left Ro-reversible to u™ Ly. Then w represents 1 in B. if and only if w and v represent the
same element of B, , hence the same element of Bj , as B+ embeds in Ba. Now, by definition
of completeness, the latter is true if and only if the left reversing of vu~! ends up with e. O
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Then we have the following group version of Lemma 2.18 for presentation of subgroups. The

point is that word reversing solves the word problem without introducing any zz~! or = 'x.

Lemma 2.22. Assume that (X, R) is a positive presentation that is complete for left reversing
and such that left reversing always terminates. Let Xg be a subset of X, and let Ry be the set
of all relations vx = uwy in R with x,y € Xo. If all words occurring in Ry are Xo-words, the
subgroup of (X ; R) generated by Xo admits the presentation (Xo; Ro).

Proof. The hypotheses guarantee that an X¥-word represents 1 in the group (X ;R) if and
only if it can be transformed to € by double left reversing. Now, as in the proof of Lemma 2.18,
the hypotheses imply that all words appearing in a (double) reversing from an th-word are
Xoi—words. So, if such a word is left R-reversible to ¢, it is also left Ry-reversible to ¢, and it
represents 1 in (Xg; Rp). O

Proposition 2.23. The subgroup of B, generated by o, is (a copy of ) the braid group B, and
the subgroup generated by a. is (a copy of) Thompson’s group F. These subgroups generate B,
and their intersection is {1}.

Proof. The argument is the same as for the submonoids, replacing Lemma 2.18 with Lemma 2.22.
Then, by definition, B, is generated by the o;’s and the a;’s, hence by the subgroups they gen-
erate (henceforth identified with B, and F). Assume 2z € B, NF. Every element of F is a left
fraction, so we have z = f~!f’ for some f, ' in F'*. By Garside’s theory, B, is both a group
of left and of right fractions of BZ, so we also have z = 33'~! for some 3, 3’ in BX,. We deduce

Bf = /' f in Ef, and the uniqueness of the decomposition in F* x B (Proposition 2.19)
implies 8 =" and f = f'. |

From now on, we consider B,, and F' as subgroups of B,. For future use, we insist that
every element of B, can be represented by a word in which the aiil letters are gathered.

Definition 2.24. A o,a-word is called tidy if it consists of letters a, L followed by letters U;tl,

followed by letters ag.
Propositions 2.20 implies:

Corollary 2.25. FEvery element of B admits a tidy representative.

3. THE SELF-DISTRIBUTIVE STRUCTURE ON B,

Besides their group structure, parenthesized braids are equipped with another important
algebraic structure, involving the self-distributivity law.

A non-trivial property of the braid group B is the existence of a binary operation that
obeys the self-distributivity law x(yz) = (xy)(zz). The importance of this exotic operation
originates from the fact that each element of B, generates a free subsystem with respect to
the self-distributive operation, a property directly connected with the existence of a canonical
ordering of By, [15, 19]. In this section, we show that the self-distributivity properties of Bo,
extend to B,, in an even stronger form as the structure involves a second related operation that
has no counterpart in the case of ordinary braids. N

As an application, we deduce that the groups B, and B, are isomorphic, i.e., we show that
the relations R, of Lemma 1.15 make a presentation of B,.

3.1. The self-distributive bracket on E..

Definition 3.1. An LD-system is a set equipped with a binary operation z,y — z[y] satisfying
the left self-distributivity law

(9) aly[z]] = z[y][z[=]].
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An augmented LD-system, or ALD-system, is an LD-system equipped with a second binary
operation o satisfying the mixed laws

(10) alylz]] = (woy)[z]  and  zlyoz]==zlyloxlz].

An LD-system is said to be left cancellative if all left translations are injective, i.e., if x[y] =
x[z] implies y = z; it is called a rack [20] if all left translations are bijective, which means that
there exists a binary operation z,y — x|y| satisfying z|z[y]] = z[z|y]] = v.

A group equipped with z[y] = xyz~!, z|y| = v~ lyz and 2 o y = zy is an augmented rack,
always satisfying the additional law z[z] = 2. On the other hand, Artin’s group Be, is an
LD-system when equipped with the operation

(11) B =B-0v-01-957",

where 0 is the endomorphism that maps o; to o;41 for each i. This operation can be seen as a
sort of twisted conjugacy, and there are several ways of making the definition natural [15]. The
braid bracket is very different from a group conjugacy in that 3[F] = § never holds. Observe
that there is no way to augment the LD-system B, as, for instance, 1[1[1]] = 3[1] would
imply 90 = Jflaglﬂal, which holds for no (8 in By.

We shall see now that the braid bracket extends to E., and, moreover, it can be augmented.
We begin with a preparatory result.

Definition 3.2. We denote by 0 the shift that maps o; to 0,41 and a; to a;41 for each i.

Lemma 3.3. The mapping 0 induces an injective endomorphism of the group B, into itself.

Proof. As the shift mapping on positive integers is injective, 9 induces an isomorphism of
the group (a., o, ; Re) into its image (9(a«,0);IRs). Now the explicit form of the relations
in R, shows that JR, is included in R,, and that the criterion of Lemma 2.22 is satisfied
by d(as,0.) and OR,. So the subgroup of B, generated by d(a.,o,) admits the presenta-
tion (O(a«,0.); OR,), and, therefore, d is an isomorphism of B, onto the latter subgroup. O

Definition 3.4. For z,y in Eu we set
(12) z[y]l =x-0y-oy-0x7, and zoy=u1x-0y-ai.

Proposition 3.5. The set B, equipped with the operations [ | and o is an ALD-system. Fur-
thermore, the bracket is left-cancellative, i.e., x[y| = x[z] implies y = z.

Proof. A simple verification:
e[yl[ef]] = (z- 9y - o1 -2~ )[x- 9z 01 -z
=z-9y-01-0 - 0x-0%2-00- 0%z 10y -82x~051-82y_1~6x_1
=) 5. oy - 0%z - 01020102_1 G TR
=2-0y-0%2-090, - Py -0z =) 2y -9z 01 - Ay~ = z[y[2]].
The reason for (x) is that 92z commutes with o for every z. For left cancellativity, z[y] = z[z]

implies Jy - 01 = 0z - 01, hence 0y = 0z, and, therefore, y = z by Lemma 3.3.
Then, we find similarly:

zcly[2]] =a-0y-0%2- 0901 -0y~ ' -0~ =2 -0y - alafl 202z oq0q - agagl L0yt ozt

1 1

= (zoy)-a;’ 0%z -0901a9-O(xoy) t = (zoy)-0z-a] 'oaoras - Az 0y)”
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(because a; - 0z = §%z - a; always holds)

=(zoy) - 0z-01-0(xzoy) t = (xoy)[z],
r[yoz] =x-0y-0%2-agoy - 0z~ = z[y] ~8x~01_1-822-a201-8a:71
=xfy] - 0x- 0%z -0 tagoy - Ozt = x[y] - O(x[2]) - D%z - 05 Loy tagoy - Dx !
=z[y] - 0(x[z]) - 0%z - a1 - 0x™ ' = z[y] - O(x[2]) - a1 = x[y] o z[2],
which completes the proof. O

The self-distributive structure so constructed will be instrumental in the sequel.

3.2. Diagram colouring. We now come back to proving that the relations of Lemma 1.15
make a presentation of the group B,. The point is to establish that the canonical morphism
of B, to B, is injective. We shall do it by showing that, for any word w, the class of w in B,
can be recovered from the isotopy class of any diagram D;(w), which depends only on the class
of w in B,. To this end, we appeal to diagram colourings.

The principle, which can be traced back at least to Alexander, is to fix a nonempty set .S
(the colours), to attribute colours from S to the initial positions in a braid diagram D, and
to push the colours along the strands. If the colours never change, the output colours are a
permutation of the input colours, and we do not gain much information about the diagram.
Now, assume that the set of colours S is equipped with two binary operations, say =,y — x[y]
and z,y — x|y |—the notation is chosen to suggest that z[y] and x|y| are images of y under z.
We require that, when an x-coloured strand crosses over a y-coloured strand, then the colour
of the latter becomes z[y] or z|y| according to the orientation of the crossing:

x Y Y x
zlyl = z x|yl

In this way, for each sequence of input colours and each braid diagram D, one obtains a

sequence of output colours, and some information about D can be obtained by comparing

the input and output colours. One of the many facets of the deep connection between braids

and self-distributivity is the following observation, whose graphical verification is easy, and
which appears in different forms in [4, 25, 31, 15, 19]:

Lemma 3.6. Assume that S is a rack. Then S-colourings are invariant under Reidemeister
moves Il and III in the sense that, for every diagram D and every sequence of input colours,
the corresponding output colours depend only on the isotopy class of D.

In order to control colourings in our current framework, it is convenient to introduce coloured
trees. If D is an ordinary n strand braid diagram, defining an S-colouring of D means attributing
colours from S to the n input positions 1,... ,n, i.e., choosing a sequence in S™. Propagating
the colours along the strands of D gives an output sequence that lives in S™ again. Parenthesized
braid diagrams are similar, but the positions belong to N, rather than to N, and they form a
tree rather than a sequence. Hence the objects to consider are trees of S-coloured positions,
i.e., S-coloured trees, defined to be trees (of positions) in which colours from S are attributed
to the leaves. We shall use bold letters like ¢ for coloured trees.

Definition 3.7. For x in S, we denote by e, the tree with one single z-coloured node. For ¢t an
S-coloured tree, we define the skeleton t of t to be the uncoloured tree ¢ obtained by forgetting
the colours in ¢; in this case, we say that ¢ is a colouring of ¢.

Every S-coloured tree admits a unique decomposition as a product of e, with x in S.
In particular, the sequence of positions 1,...,n with the colours z1,...,x,, as used for
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an ordinary S-coloured n strand braid diagram, corresponds to the S-coloured right vine
o, (0, ...(0;, ®)...)—as the last leaf encodes no position, we give it no colour; if needed,
we may assume that some distinguished colour xg is fixed and identify an uncoloured tree with
a tree uniformly coloured z.

Propagating S-colours along the strands of a parenthesized braid diagram D amounts to
defining a partial action of D on S-coloured trees, since, assuming that ¢ is the initial set of
positions in D and t’ is the final one, we can associate with every S-colouring of ¢ an S-colouring
of t' (Figure 11):

Definition 3.8. For D a parenthesized braid diagram with initial set of positions Pos(t) and ¢
an S-colouring of ¢, we denote by t«D the S-coloured tree obtained by propagating the colours
of t through D. When D has the form D;(w) for some word w, we write ¢ « w for t « D;(w).

= o =N

T Yy —> vy x/>\ — z,Y

ayl =

FIGURE 11. Correspondence between sets of S-coloured positions and S-coloured
trees: here we start from (1) and (1,1) coloured z and y, i.e., from the coloured
tree (e.®,)e; then we go to (1) and (2) coloured = and y, i.e., to e, (e,e), etc.; on
the right, we show the decomposition of the trees, i.e., the subtrees under the right
branch, the last leaf excepted

It is easy to explicitly describe the action of o; and a; on coloured trees.

Lemma 3.9. Assume that t is a coloured tree with dec(t) = (t1,... ,t,). Then the coloured
trees t « 0; and t .« a; are defined for i <n, and we have then

(13) dec(t . O'i) = (t1, v ,ti—l, ti [ti+1-| y ti, tH_Q, SN ,tn),
(14) dec(t . 04') = (t17 e 7ti—1; titi+1, ti+2, e ,tn)7

where t;[t;11] denotes the tree obtained from t;11 by replacing every colour x with the corre-
sponding colour x1[...[xp[z]]...], where x1,... 2z, form the left-to-right enumeration of the
colours in t;.

Proof. First, we observe that the rules of (13) and (14) extend those of (1) and (2): this is
natural, as, when we forget the colours, we must find the previously defined action on families
of positions, i.e., on trees. So it only remains to look at colours. For (14), the result is clear as
colours are not changed. As for (13), the result of applying o; is that each strand corresponding
to t;4+1 goes under all strands corresponding to ¢;, and it meets the latter from right to left:
the first one corresponds to the rightmost position in £;, and the last one corresponds to the
leftmost position in t;. Applying the rule for changes of colours at crossings, we deduce that
the strand with initial colour x eventually gets the colour z1[...[z,[z]]...]. d

3.3. Using left cancellative LD-systems. Lemma 3.6 states that, if S is a rack, then, for
each S-coloured tree t, the tree t « D depends on the isotopy class of D only. It follows that, if
two words w,w’ are Re-equivalent and t«w and t.w’ are defined, the latter are equal.

In the sequel, we shall consider a more general situation, namely when the set of colours
is a left cancellative LD-system, but not necessarily a rack. In this case, all pairs of colours
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need not be eligible for negative crossings: we can still define x|y| to be the unique element z
satisfying x[z] = y when it exists, but the operation | | need not be everywhere defined. The
following lemma gathers the results we need:

Lemma 3.10. Let S be a left cancellative LD-system. Assume that w1, ... ,w, are words and
t is a tree such that t « wy ezists for each k. Then there exists at least one colouring t of t such
that t « wy, exists for every k.

Proof. If S is a rack, any S-colouring is convenient, as the colours can always be propagated.
When S is only supposed to be a left cancellative LD-system, we must be more careful. First,
we observe that, if the word w is left Ro-reversible to w’, and ¢« w’ exists for some S-coloured
tree t, then t.+w exists as well, as can be checked by considering the various cases—the point is
that left reversing creates no o; 1g;. Hence, as every word is left reversible to a negative-positive
word, it suffices to prove the result when each w; is such a word. Moreover, positive words
create no problem, so it is even sufficient to consider the case when each wy, is a negative word.
Putting v, = w,;l, our problem is to prove that, if vy,... ,v, are positive words, then there
exist S-coloured trees tq,... ,t, such that t; « v exis:gs and is equal to some tree ' independent
of k. Now, by Proposition 2.17, the elements of BJ represented by wvy,...,v, admit a left
common multiple, hence there exist positive words uq, ... ,u, such that the words ugvy all are
positively R-equivalent (i.e., without introducing any negative letter) to some positive word w.
Let ¢t be a tree large enough to guarantee that ¢ « w exists, and let ¢ be any S-colouring of ¢.
Put 5 = t .« ux. Then, by construction, ¢; « vy exists and is equal to t « w for every k. O

Lemma 3.11. Let S be a left cancellative LD-system. Assume that the parenthesized braid
diagrams D¢(w) and D¢(w') are isotopic. Then there exists at least one S-colouring t of t such
that t e w and t « w' exist and are equal.

Proof. If S is a rack, we can take for £ any S-colouring of ¢t. Then the colours can be propagated
without problem, i.e., tew and tew’ exist. The hypothesis that the diagrams are isotopic implies
in particular that the final positions are the same, hence tew = tew’ holds. On the other hand,
Lemma 3.6 guarantees that the sequences of output colours are the same in both diagrams, i.e.,
the leaves of ¢ « w and ¢« w’ have the same colours. Hence t « w and ¢« w’ are equal.

When S is only supposed to be a left cancellative LD-system, an arbitrary S-colouring need
not be convenient. Now, the hypothesis that D;(w) and D;(w’) are isotopic implies that there
exists a finite sequence wy = w, wy, ... , w, = w’ such that, for each k, the diagram D (wg41) is
obtained from D;(wy) by one Reidemeister move. By Lemma 3.10, there exists an S-colouring ¢
of ¢t such that t « wy is defined for each k. Now, the same argument as for Lemma 3.6 shows
that the final colours in two adjacent diagrams are the same, hence in t« w and t . w’, and we
conclude as above. O

3.4. Using E.-colourings. As B, equipped with its bracket is a left cancellative LD-system,
we can use it to colour parenthesized braids. Here we use such colourings to answer the pending
question of whether the relations R, present B,. The key tool is a certain function that
associates with every B,-coloured tree a specific element of B, constructed using the operation o.

Definition 3.12. (i) For t a B,-coloured tree, we denote by ev(t) the o-evaluation of ¢, i.c.,
the image of ¢ under the mapping inductively defined by

(15) ev(e,) == and  ev(tt') = ev(t) oev(t').

The definition is extended to uncoloured trees by identifying e with e;.
(i4) For t a Be-coloured tree with dec(t) = (¢1,... ,t,), we put

(16) ev*(t) = ev(ty) - Oev(ty) - ... - 0" Lev(t,).
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For instance, for ¢ the right vine of size n + 1, we have ev(t) = ana,—1 ... a1, while ev((ee)e)
is a?. We shall determine the action of the generators a; and o; on the evaluation mapping ev*.
First we begin with an auxiliary result about ALD-systems.

Lemma 3.13. Assume that S is an ALD-system. Then, for all S-coloured trees t,t', we have
(17) ev(t[t']) = ev(t)[ev(t)].

Proof. We use induction on the cumuled sizes of £ and ¢'. If both £ and ¢’ have size 1, the result
follows from the definition of ¢[t'] directly. Otherwise, the definition gives

(tit2) [t'] = ta[t2[t']]  and  t[tits] = (¢[t1])(2[t5]).

Applying the evaluation morphism, we deduce for t = £,
ev(t[t']) = ev(t[t2[t']]) = ev(t1)[ev(t2[t])]

= ev(ty)[ev(tz)[ev(t')]] = (ev(t1) o ev(ta))[ev(t)] = ev(t)[ev(t')]

using the induction hypothesis and the first relation in (10). Similarly, for ¢’ = t|#}, we find
ev(t[t']) = ev((t[t)])(t[t5])) = ev(t[t)]) o ev(t[ts])
— ev(B)[ev(t))] o ev(t)[ev(ty)] = ev(t)[ev(t)) o ev(ty)] = ev(®)[ev(t)]

using the induction hypothesis and the second relation in (10). O

Then the following technical result is crucial, as it shows that the mapping ev* transforms
the action of diagrams on trees into a multiplication in the group B,.

Lemma 3.14. Fort a E.—coloured tree t and w a word such that t « w exists, we have
(18) ev'(te.w) =ev'(t) w,
where W denotes the element of B. represented by w.

Proof. For an induction, it is sufficient to establish (18) when w consists of one single let-

ter o; or a;. Let us assume ev(dec(t)) = (z1,...,zn), where ev((t1,...,t,)) stands for
(ev(t1),...,ev(ty)). First, we find
(19) ev(dec(teo;)) = (1, Xim1, @i [Tig1 ], Tiy Tig2y e o s Tn)s
(20) ev(dec(t e a;)) = (T1, .+ ,Tim1, X5 O Tyt 1, Tit2y -+ 5 Ty)-
Indeed, (19) follows from (13) using (17), and (20) follows from (14). Then we find
evi(teo;)=ax1-..." 25, - 81‘71(11 [2i41]) - Oy - 8”1@4_2 N ot
=x1-...-0 2 -0 ey - Ol - 0y - 8’@“;1 SO0 g 0" ey,
=21 020y Oy 0y - O O ey,
=x1-...-0" a0y = evi(t) - oy,

as 0; - 0%z = 0%z - 0; holds for k > i+ 1. For a;, we find similarly

ev” (t o G,i) =21 ..." 8i_2mi_1 . 8i_1(xi o ‘ri-ﬁ-l) . 6ixi+2 C 871_2.’1}”
=x1 ... 8i_2mi_1 . 8i_1$i . ail‘H_l s Qg 8i$i+2 et 8”_2xn
=z 0" tay, a; = ev*(t) - a;,
as a; - 0%z = 95Tz - a; holds for k > i. O

We are now able to conclude:

Proposition 3.15. The groups Bs and B, are isomorphic, i.e., (ax, 04, Re) is a presentation
for the group Be of parenthesized braids.
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Proof. Assume that w and w’ are words and there is a tree ¢ such that the diagrams Dy (w)
and D;(w') are isotopic. We have to prove that w and w’ are Re-equivalent, i.e., they represent
the same element of LN?.. Lemma 3.11 guarantees that there exists at least one E.—colouring t
of t such that t«w and t«w’ are defined and equal. Now—this is the point—(18) implies that
both w and w’ represent ev*(t)~! - ev*(t . w). O

All algebraic results about E. established in Sectign 2 are therefore Xalid for B,. In the
sequel, we shall no longer distinguish between B, and B,, and use B} for B . In particular, we
consider that B, and F are included in B,; the elements of F' are called Thompson elements.

3.5. Special decompositions. Besides its group operation, the set B, is now equipped with
two binary operations, namely [ | and o. For each parenthesized braid z, the parenthesized
braids that can be constructed from [ using these operations form a sub-ALD-system of B,.
In particular, we can start from the trivial braid 1, and introduce what will be called special
parenthesized braids.

Definition 3.16. A braid (resp. a Thompson element, resp. a parenthesized braid) is called
special if it belongs to the closure of {1} under [ ] (resp. under o, resp. under both [ | and o).

For instance, 1, o1, a1, and ajo201a5 ! are special parenthesized braids , as we can write
o1 =1[1], a1 =101, ajoe0oia;"' =ai[o1] = (1o1)[1]1]].

We will see that every parenthesized braid admits decompositions in terms of special parenthe-
sized braids. The following geometric characterization of special parenthesized braids is crucial
for uniqueness arguments. It shows that special parenthesized braids are the ones that produce
themselves starting from a right vine with trivial colours. To improve readability, we skip some
parentheses in trees according to the convention that xyz stands for z(yz); thus, for instance,
a right vine is denoted ee .. .o.

Lemma 3.17. A parenthesized braid z is special if and only if it admits an expression w such
that each sufficiently large Bo-coloured vine (o101 ...01) « w exists and has the form teq ... e;.
In this case, all colours in t are special braids, and we have z = ev(t).

Proof. We first prove that the condition is necessary. As it is true for z = 1 with w = ¢, it
suffices to prove that, if the condition is true for z; and zq, then it is for z1[22] and z; o 2s.
So we assume that w; is an expression of z;, that (eje;...e1) «w; = t;e1...e; holds, and, in
addition, we have ev(t;) = z; and all colours in t; are special braids. Then w; - Qws - 07 - Owy 1
represents zi[zz], and, using the induction hypothesis, we find

(01.1 .. .01) . (’U}1 . 6w2 c0q1 - 8wf1) = (t1.1 . .1) . (8w2 01 - 6wf1)
= (t1t2.1 . .1) . (0’1 . 3wf1) = ((tl |—t2-|)t1.1 N .1) . 8’[1);1 = (tl [t2-|).1 N

Similarly, wy - Qws - aq represents z; o 25, and we find

(0101 ...01) ¢ (wy - Owy-a1) = (t101...01) e (Qwy-a1) = (t1taer...01) ea; = (t1ta)e; ... 0.

Conversely, by (18), any equality (eje1...e1)«w = te;...e; implies
w = ev*(0101 . .1) W= ev*((olol . .1) . UJ) = eV*(t.l . .1) = ev(t).

By definition, if the colours in ¢ are special braids (or, more generally, special parenthesized
braids), the evaluation ev(t) is a special parenthesized braid. So, it only remains to show that,
whenever (eje;...07) «w exists, then all colours in the latter tree are special braids. Now we
can assume without loss of generality that w is tidy. Indeed, pushing the letters ai_1 to the left
and the letters a; to the right does not change the negative crossings in the associated braid

diagram, and no obstruction may appear. Now the hypothesis that (e;e1e1...) « w is defined
implies that there is no initial a; Lin w, i.e., that w consists of a braid word v followed by a;’s.
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By [15], Propositions VI.5.8 and 5.12, if v is a o-word and (eje;...e1)«v is defined, then the
latter has the form e, o, ...®, where a,...,q, are special braids. The subsequent a;’s do
not change the colours. O

We give now a complete description of special Thompson elements. Note that, by definition
of the operation o, such elements must be positive.

Proposition 3.18. (i) A Thompson element not equal to 1 is special if and only if it has an
expression a;, - .. a;, satisfying ixy1 = iy — 1 for each k and i, = 1. This expression is unique.

(ii) The mapping ev establishes a one-to-one correspondence between finite binary trees of
size n + 1 and special Thompson elements of length n. So, in particular, there are L(Q")

n+l\n
special Thompson elements of length n.

Proof. The existence of a decomposition as in (7) is true for 1, and for f; o fo whenever it is
for f; and f5. Hence it is true for every special Thompson element. Conversely, if f admits an
expression w as above, there is a unique way of expressing f as f; o fo, namely defining f; to
be the element represented by the largest prefix w; of w that finishes with a; if it exists, and 1
otherwise. Then f; and f; have the same syntaxic property as f, and the parsing continues.
Then, by definition, the mapping ev establishes a surjective mapping from trees to special
Thompson elements. To prove injectivity, we observe that, for every tree t, we have

(21) (e0e ... ) eev(t) = (t)ee...

provided we start with a large enough vine, as shows an easy induction on the size of t. Thus
ev(t) determines ¢. This proves (ii), and the uniqueness of the decomposition of (i) follows. O

Lemma 3.19. For each B,o-coloured tree t, we have
(22) ev(t) =21 -0z ... 0"z, - ev(th),
where (z1,... ,2y,) is the left-to-right enumeration of the colours in t.

Proof. First, for every special Thompson element f of length n and every parenthesized braid z,
we have

(23) f-0z=0""z. f.

Indeed, the equality inductively follows from the relation a1 -0z = 8?z-a;, as the decomposition
of Proposition 3.18 guarantees that, when pushing the letters a; of f to the right, one always
meets letters a,fl or 0'2:1 with & > ¢+ 1.

Now we prove (22) using induction on ¢. The result is clear when ¢ has size 1. For ¢t = t1ts,
assuming that the colours in ¢; are 2; ;,... , 2y, ; and using the induction hypothesis, we find

ev(it) =211 ..." 8”1*12711,1 . ev(tJ{) “0z10 ... 0™ 2n,0 ﬁev(tg) -aj.

By construction, ev(t{) is a special Thompson element of length n; — 1. Applying (23) repeat-
edly, we push ev(t];) to the right, and obtain

ev(t) =z11-...- 8"1_12'71171 O™z 8”1+"2_1zn272 . ev(ti) . 8ev(t£) -aq,
and (22) follows using ev(ti) . 8ev(t£) -ay = ev(th). d

We can now express special parenthesized braids in terms of special braids and Thompson
elements.

Proposition 3.20. FEvery special parenthesized braid z admits a unique decomposition
(24) z2=01-0B2...- 0" B, h,

where By, ..., By are special braids, and h is a special Thompson element of length n — 1.
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Proof. Let z be a special parenthesized braid. By Lemma 3.17, there exists a B,-coloured
tree t, where all colours are special braids, satisfying z = ev(¢t). Then Lemma 3.19 gives a
decomposition of the expected form. Next, Proposition 2.23 first implies the uniqueness of h,
as B-h=p"-h implies 318" = Wh™! € Boo N F. Then, when £, .., [, are special braids,

the product By - 932 - ... - 0" "13, determines each factor 3; as, by Lemma 3.17 again, we
have (e;...01) « (B1-...- 9" 713,) = @5, ...e5 —note that we only use the easy direction
of Lemma 3.17, and not the more delicate converse that resorts to the fine study of self-
distributivity. O

Finally, we obtain canonical decompositions for arbitrary positive parenthesized braids in
terms of special parenthesized braids, hence in terms of special braids and special Thompson
elements.

Proposition 3.21. FEvery positive parenthesized braid x admits two unique decompositions:

(25) T=1z-02 ... O 'z,
(26) x:ﬁl-862-...~6"_16n-h1~6h2~...-8"_1hn,
where z1, ... ,z, are special parenthesized braids, 31, ... , B, are special braids, and hy,... , hy

are special Thompson elements.

Proof. Let x be a positive parenthesized braid. By hypothesis, x admits an expression w with
no o; ' or a; '. As w contains no o; ', every B,-colouring of a tree ¢ such that ¢« w is defined
can be propagated along the strands of the diagram Dy(w). Thus ¢« w is defined for each
Be-colouring t of ¢, and (18) then implies * = W = ev*(t) ™! - ev*(t « w).

As w contains no letter a;l, we may choose t to be a right vine o...e, and t to be the
corresponding colouring e; ...e;. Then, by definition, we have ev*(t) = 1, hence § = w =
ev*(t «w). Moreover, by construction, each colour in ¢« w belongs to the closure of {1} under
the bracket operation, hence it is a special braid. Then the o-evaluation of the trees occurring
in the decomposition of ¢« w are iterated o-products of special braids, hence they are special
parenthesized braids. So, by definition, ev*(¢ « w) is a shifted product of special parenthesized
braids, and we obtain for x a decomposition as in (25).

Now, if f,..., 3, are special parenthesized braids, Lemma 3.17 implies that, for each k,
there exists an expression wy of z; satisfying (e;...e1) « wyp = (t;)e1...e1, where t; is a
B,-coloured tree satisfying ev(ty) = z;. Provided the initial right vine is large enough, this
implies

(0101 ...01) e (wy-Ows-...- 0" twy,) = (t1)...(t,)e1... 1.
This shows that the shifted product z;-...-0" 'z, determines each tree t;, hence each factor z,
thus proving the uniqueness of the decomposition (25)—we did not prove here the (true) result
that replacing w with an equivalent word w’ necessarily leads to the same tree t: this result is
not needed here, as we only use ev(t), which is x in any case.

Applying Proposition 3.20 to each factor in (25) and using (23) to push the Thompson
factors to the right easily gives a decomposition as in (26). For the uniqueness of the latter, the
same argument as for Proposition 3.20 shows that the braid part and the Thompson part are
determined, and that each special braid f3;, is determined by the shifted product 3;-...-0" 13,
so it only remains to verify that the uniqueness of the special Thompson factors. The latter
follows from the equality

(01.1 [N 01) . (hl . 8h2 teel 8”*1hn) = (tl) e (tn)‘l . 1
for hy = ev(t), again a consequence of Lemma 3.17. O

In the case of Thompson elements we have obtained the following result, which provides a
unique normal form in F'*:
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Corollary 3.22. FEvery positive Thompson element f admits a unique decomposition
(27) f=hy-Ohy-...- 0P 'h,
where hi, ..., h, are special Thompson elements.

By Proposition 2.20, every parenthesized braid is a left fraction z~!y with z,y in B}, so
another consequence of Proposition 3.21 is:

Corollary 3.23. Fvery parenthesized braid x admits decompositions
(28) x = aq_lzg_l Oy T 2 Oy 0P,

(29)  w=0""Th, T TN T BT B 0T B h e 0

where z1, . .. ,zfl are special parenthesized braids, B, ..., 3, are special braids, and hq, ..., hl,
are special Thompson elements.

4. A LINEAR ORDERING ON B,

Artin’s braid group B, admits a distinguished linear ordering that is compatible with mul-
tiplication on one side and admits a number of equivalent constructions [19]. On the other
hand, it is easy to construct on Thompson’s group F' a linear ordering that is compatible with
multiplication on both sides. Merging these orderings leads to ordering parenthesized braids.

4.1. An ordering on F'*. One can easily order F' by attaching a piecewise linear homeomor-
phism of [0, 1] (or of the real line) to each element and comparing the derivatives. An equivalent
construction involves trees. We recall that, for ¢ a tree, Dyad(¢) denotes the set of endpoints in
the dyadic decomposition of [0, 1] attached to ¢.

Definition 4.1. For ¢,t' trees, we say that ¢t < ¢’ is true if Dyad(t) follows Dyad(¢') in the
lexicographical ordering.

For instance, the sequences attached to e(ee) and (ee)e are (0,3,3,1) and (0,%,3,1). The
first entries both are 0; the second entries are % and i, respectively: the former is larger, so we

declare e(ee) < (e0)e.

Lemma 4.2. The relation < is a linear ordering on trees. An alternative definition is: e < tyto
is always true, and tity < tith is true if and only if t; <t} is true, or t1 =t} and to <t are.

By Proposition 3.18, the evaluation mapping ev establishes a one-to-one correspondence be-
tween finite binary trees and special Thompson elements. Moreover, Corollary 3.22 shows that
every positive Thompson element admits a unique decomposition in terms of special Thompson
elements, hence in terms of a sequence of trees. We can therefore carry the tree ordering to F'*.

Definition 4.3. For f, f’ special Thompson elements, we say that f <3¥ f” holds if and only if
we have ev™1(f) < ev™1(f'). For f, f' in F*, we say that f <p f’ holds if the (unique) special
sequence (f1,..., fp) satisfying f = f1-0fs ... 9P~ f, is lexicographically <7¥-smaller than
the special sequence (fy,..., f;) satisfying f' = fi-0f5-...- 8q_1fé.

For instance, we have ay <p a1, as the special decomposition of as is 1 - day, while a; is
special. Now e(ee) < (ee)e implies 1 = cv(e(ee)) <} a; = ev((ee)e), and, therefore, the
sequence (1, aq) is lexicographically smaller than the sequence (ay).

There is a canonical way of attaching to each element f of Thompson’s group F' a piecewise
linear homeomorphism H(f) of the unit inverval [10]—because of our conventions, we have
H(ff") = H(f') o H(f). The derivatives in H(f) make a finite sequence of dyadic numbers,
e.g. (%, 1,2) in the case of a;.
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Proposition 4.4. The relation <g is a linear ordering on F*. It is compatible with multiplica-
tion on both sides. For f, f' in F*, the relation f <g f' holds if and only if the first derivative
not equal to 1 in H(f~1f") is smaller than 1.

Proof. 1t is clear that <p is a linear ordering. The correspondence between <g and the home-
omorphisms of [0,1] is as follows. If w is a positive a-word representing an element f, then
(ee...)ew is defined provided the initial vine is large enough. Let (oo ...)ew = (t1)...(tp)e....
Then the special decomposition of f is the shifted product ev(¢1) - dev(tz) - ... Define Dyad(f)
to be the union of the sets Dyad(t;) contracted from [0,1] to [I — 52,1 — 5;] when i varies.
Then f <p f’ is equivalent to Dyad(f) being larger than Dyad(f’) in the lexicographical or-
der. Now the homeomorphism H(f~!f’) maps Dyad(f) to Dyad(f’), so the first divergence
between Dyad(f) and Dyad(f’) results in Dyad(f) being declared larger if and only if the first
derivative # 1 in H(f~1f’) is less than 1.

Owing to the latter characterization, it is clear that <p is compatible with multiplication
on the left. It is also compatible with multiplication on the right, as the graph of H(ff'f~1) is
obtained from the graph of H(f’) by using H(f) to rescale the source and target intervals, which
does not change the fact that the graph diverges from the diagonal downwards or upwards. [

For instance, the special decompositions of 1,a1, and ay are (e,e,...), (ee o e ...) and
(e, 00 0 ...) respectively. So we obtain Dyad(1) = (0, %, %, %, ...), Dyad(a;) = (0, i, %, %, S,
and Dyad(ag) = (0, %, 27 %,...), hence 1 <p as <p a;.

4.2. The ordering on B{. As every element in BJ admits a unique decomposition in terms
of elements of B}, and F'*, we deduce a linear order on BJ from any linear orders on BJ

and F'*. We recall that B, is equipped with a distinguished linear ordering:

Proposition 4.5. [15, 19] For 3, 3" in Beo, say that 8 <g ' holds if and only if 3~3" admits
an expression in which the generator o; with minimal index © occurs positively only, i.e., o;
occurs but O'i_l does not. Then the relation <p is a linear ordering on Bs,, and it is compatible
with multiplication on the left.

Definition 4.6. For z,z’ in B, we say that x <* 2’ holds if we have either 8 <p ', or 8 =’
and f <p f’, where x = Bf and 2’ = '’ are the BL, x F"-decompositions of x and z'.

For instance, we have
coo<tag<tar<t...<" oy <t oy,
Indeed, we saw above that a; <p a; holds for ¢ > j (in the case ¢ = 1, j = 2). Then, we
have 1 <p o;, hence a; <* o, for all 4, j—and, more generally, f <* 3 for all f in F* and 3

in BL \ {1}. Finally, o; <r o, holds for i > j, as we have o; <p 0; since o; ', is a braid word
in which the generator with smallest index, here o, occurs positively and not negatively.

Lemma 4.7. The relation <* is a linear order on BJ, compatible with left multiplication.

Proof. As both <p and < are linear orders and the Bi x F*-decomposition is unique, <*
is a linear order. To prove compatibility with multiplication on the left, assume 3f <* 3'f’.
Assume first 5 <p (. As the braid ordering is compatible with left multiplication, we have
o <p ol for every k, hence oy - Bf <™ o - 0 f’. On the other hand, (8) gives

(30) ag - ﬁf = dbk(ﬂ) -a5—1[k]f and [47% -ﬁ/f/ = dbk(ﬁ/) . aﬁl—l[k]fl.

To compare the braids dby,(3) and dbg(3'), we consider dbg(3)~tdbs(3'). By construction, the
latter is dbg-174 (8713"). The hypothesis 3 <p 8’ means that we can represent 3~ !’ by a braid
diagram in which the leftmost crossings all are positively oriented. When we double a strand,

the latter property is preserved. So dbg(8) <p dbx(8’) holds, and we deduce a-Sf <* ax-5'f’.
Hence, in this case, = - 8f <* x - 3 f’ holds for every parenthesized braid x.
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Assume now 3 = 3’ and f <g f’. Then oy - 8f <* op -5 f' holds trivially for every k. As for
multiplication by ay, we use (30) again: § = 8’ implies dbg(8) = dbg(8’), and f < f’ implies
ag-115f <r ag-1p5 [, because B~ L[k] = B'~1[k] holds and < is compatible with multiplication
on the left. So, again, z - 8f <* - 3 f’ holds for every parenthesized braid z. O

4.3. The ordering on B,. As every parenthesized braid is a quotient of two positive paren-
thesized braids, we can now easily deduce an ordering on B, from the previous ordering on B{.
Definition 4.8. We denote by C the set of all elements in B, that can be written as 'z’

with z, 2’ in B} and = <* z'.

Lemma 4.9. The set C is a positive cone, i.e., we have C-C C C and CNC~' = 0.

Proof. Consider two elements of C, say x; 'z} and x5 'z} with z;, 2} in B} and x; <* 2/ for
i =1,2. The elements 2} and x5 admit a common left multiple in B}, say yz}| = y'x2. Then we
have (z7a})- (25 'ah) = (yz1) =t (y'x}). Using the compatibility of <* with left multiplication,
we find yz; <* yxi = y'xo <t y'ah, hence (x7'x)) - (x5 ah) € C,and C - C C C.

Assume z € C NC~'. Then we have 1 = z- 27! € C' - C, hence 1 € C by the above result.
So there must exist 3,3 in B, and f, f/ in F* with 8f = 8'f' and 8 <p ', or 8 = (@ and
f <F f', contradicting the uniqueness of the B, x F* decomposition in Bf in both cases. O

Definition 4.10. For z,2’ in B,, we say that x < 2’ holds if z7 'z’ belongs to C.

For instance, we have oy < aflalal < o1. Indeed, we find (Ug)‘l(aflalal) = aflaglalal,
and o3 <p o7 implies o3a; <t o1a;. Similarly, we have (aflalal)‘l(al) = al_lal_lalal =
(11_101_10'201(12, and o1 <p 0201 1mphes o1a1 <V 090109.

Proposition 4.11. The relation < is a linear ordering on B, that is compatible with mul-
tiplication on the left, and with the shift endomorphism 0. This linear ordering extends the
orders <* on B}, <p on By and <g on F.

Proof. Lemma 4.9 guarantees that < is a partial order on B,. This order is linear, because <*
is a linear order on By, so, for all x,2’ in B,, either 2712’ or (z~'a’)~!, i.e., 2’1z, belongs
to C. The order is compatible with multiplication on the left by definition. Then O preserves
the orders <p and <p, hence the order <* on B}. This implies 9C C C, hence z < x’ implies,
and, therefore, is equivalent to, 0z < 9z’.

Assume z, 2’ in By with 2 <* /. Then, by definition, z='2’ belongs to C, and, therefore,
we have z < 2’ in B,. As <* is a linear ordering, the implication is an equivalence.

Assume now 3,3 in B, with 8 <p (. Then there exists a positive braid Sy such that
Bof and By’ belong to B, and 8 <p (' implies B8 <p Lof’, hence Gy <™ Bo’. Then
B8 = (BoB) " (BoB') implies B3 € C, hence 3 < 3'. Once again, as <p is a linear ordering,
the implication is an equivalence. Finally, for f, f' in F with f <g f’, the same argument shows
that f < f’ holds in B,. Hence < restricted to F coincides with <p. O

Corollary 4.12. The group B, is left-orderable. The group algebra C[B,] has no zero divisor.
4.4. Syntaxic characterization. We now describe the order on B, in terms of words.
Definition 4.13. A o,a-word is called o;-positive if it contains o;, but no 0;1 or O’;tl with j < i.

Proposition 4.14. For x a parenthesized braid not in F', the following are equivalent:
(i) We have x > 1, i.e., x € C;
(i) There exists i such that x admits a tidy o;-positive expression.

Proof. Let x be an arbitrary parenthesized braid. By Proposition 2.20, we can write x = f~'3f’
with f, f/ € Fand 8 € By,. Then x € F is equivalent to 3 # 1. In that case, x € C is equivalent
to 0 >p 1. By the results of [15], the latter is equivalent to § admitting at least one o;-positive
expression. O
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The example of the word a102a;105 1 which is oo-positive but represents 1 in B,, shows
that considering tidy words is important. However, the case of o is particular, as we have:

Proposition 4.15. If a parenthesized braid x admits a o1-positive expression, then x > 1 holds.

Proof. Let w be a oj-positive word. We can transform w into an equivalent tidy word by
pushing the letters a; to the right, and the letters a;l to the left. The point is that, in the
process, the letters o1 cannot vanish, and no letter oy ! can appear. Indeed, according to (8),
the rules for the transformation are

aRo; — dbk(oi)aafl[k] and aialzl — a;l[k]db,,i[k] (04).

By definition of the operation of doubling a strand, the generator o; may be replaced with o4 1
in the case k < 4, but this cannot happen in the case ¢ = 1. Thus we always obtain o1-positive
words, and we finish with a tidy o;-positive word. O

A direct consequence is:
Proposition 4.16. For all x,y in B,, one has x < z[y].

Proof. By definition, we have (z)~!- (z[y]) = 0z - o1 - Oy~ !, an expression with one o; and
~1
no oy . (]

Corollary 4.17. Let x be an arbitrary element of B,. Then the closure of {x} under the
bracket operation is a free LD-system.

Proof. According to the so-called Laver’s criterion ([15], Proposition V.6.4), an LD-system S
with one generator is free if and only if no equality of the form = = z[y;]...[y-]| is possible
in S. Now Proposition 4.16 gives

v <zly] <zlylfy2] <... <zlyl..[y,]
for all z,y1,...,yr, hence x # x[y1]...[yr]. O

Question 4.18. Is the LD-system generated by 1,a1,as,... ,ar._1 a free LD-system of rank r?

Remark 4.19. There is no similar characterization of the order <z on F' in terms of particular
decompositions. However, sufficient conditions exist. Let us say that an a-word w is a;-positive
if w contains a;, but no ai_l or aj_l with j < 4. Then an a;-positive word always represents an
element larger than 1, but, conversely, aflagal is an example of an element larger than 1 that
admits no a;-positive expression.

4.5. The subword property. The braid ordering is not compatible with multiplication on
the right, and, more generally, there exists no linear ordering on B, that is compatible with
multiplication on both sides. So the same holds for B,, and B, is not bi-orderable.

However, we shall now prove a partial compatibility result involving conjugacy. In general,
a conjugate of an element z satisfying x > 1 need not be larger than 1: consider for instance
0105 ! and its conjugate 0907 1. We prove that this cannot happen for z in BE.

We begin with a technical result about the ay-conjugates of o; or, more generally, of any
braid db}(dbf, (;)), or dbldb’ ,(o;) for short, obtained from o; by multiplying each strand
by p+ 1.

Lemma 4.20. For all positive i,k, and p > 0, there exists i, k' and e in {0,1} satisfying

(31) a - dbPdbl | (07) - a; ' = ap° - dbETABEL (000) - afy.

Proof. In the braid diagram dbfdbf+1(ai)7 the strands ¢ to ¢ + p cross over the strands i +p+1
toi+2p+ 1. Hence (31) is clear for k <iand k > i+2p+1withe=0and i =iori =i—1.
For ¢ < k < i+ p, multplying by a; amounts to doubling one more strand in the first block of p,

P3P _ p+1 1. 1
so we have ay,-dbydb},  (0;) = dby""db} | (07)-ar4pt1. Then axipiiay,~ is ay  agipy2. For the
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same geometric reason, we have dbf+1dbf+1(oi) capl = a,;l_p_m -dbf“dbf_tl1 (0;), which is (31)
withe=1, % =k+p-+1 and ¢/ =i. The computation is similar for i +p+1 <k <i+2p+1,
leading now to e = 1, k¥’ = k and ¢/ = 1. O

Proposition 4.21. For each parenthesized braid x in By and each i, we have xo;z~" > 1.
Proof. Write x = f~!3f" with f, f' € F* and 3 in Bs. Then we have
zoix™t = [T o f' BT
By Lemma 4.20, we have f'o; /=1 = g~ 'dbldbf,
we have Bg~! = ¢’ !’ for some ¢’ in F* and 3’ in B, hence
zo~! = fhg' T F bl ALY (00)B g S

By construction, the braid dbf,dbf, ,(ow) belongs to B . By [19], Proposition 1.2.15, every
conjugate of a braid in B, is larger than 1. Hence 3'dbf,db?, (i)' ~" is a o;-positive braid
for some j, and xo;z ! belongs to C. O

(04)g for some g in F'* and some ¢, p. Then

Corollary 4.22. For each parenthesized braid x, every parenthesized braid represented by a
word obtained from an expression of T by inserting letters o; is larger than x.

Proof. Tt suffices to consider the addition of one o3, i.e., to compare elements of the form zy and
xoyy. Now, we have (zy)~!(zo;y) = y~losy. By Proposition 4.21, the latter belongs to C. [

The previous property does not extend to the letters a;: for instance, we have 010, 1= 1and
-1 -1 _—1 -1 _—1 : . .
01410, = 0109 0 G = 09 07 0203, an expression that is o1-negative, hence represents an
element of C 1. So, in this case, inserting a; diminishes the element.

4.6. Order and colourings. The order on parenthesized braids can also be characterized in
terms of colourings by special braids.

Definition 4.23. For t a B,-coloured tree, we denote by Col(t) the left-to-right enumeration
of the colours in t. We denote by B3P the set of all special braids.

Proposition 4.24. For all words w, w’, the following are equivalent:
(i) We have W < w';
(ii) There exists a BP-coloured tree t satisfying
(32) Col(t e w) <E°® Col(t s w') or Col(te«w) = Col(tsw’) and (t«w) < (t«w)"
(iii) For every B -coloured tree t such that tew and t«w' exist, (32) holds.
Proof. Assume (ii). Put
(B1s--,0n) =Col(tew), (B1,...,0,)=Colt.w'), (BY,...,0) = Col(t).
Then Lemma 3.19 gives
ev(tew)=F1-...- 0" 1B, -ev((t.w)),
ev(tew) =B -...- 0" B ev((t.w)T),
ev(t) =01 ... 0" 1B ev(th).
Next, (3.14) gives w = ev(t) ! - ev(t « w), hence
T w =ev((tew)) T O g 0B BB 0B, OB ev((t e w)T).
If Col(t.w) <Z¢* Col(t.w’) holds, there exists k such that 3; = 3/ holds for i < k, and ), < £3;,
holds. As i, and [, are special braids, this implies that ﬂk_l - B, is o1-positive, hence w1 - w’
is o;-positive, and (i) is true. On the other hand, if Col(t « w) and Col(t « w’) coincide, there
remains W - w’ = ev((t.w)) ! cev((t. w’)1), and, by definition, (t+w)" < (£« w’)" implies
ev((tew)") <pev((t.w), hence w < w'. So (i) implies ().
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Assume now (iii). For t a large enough tree, tew and tew’ are defined, hence, by Lemma 3.10,
there exists at least one Bs-coloured tree ¢ such that ¢« w and t«w’ exist. Hence (i) holds.

Finally, assume that (ii7) fails. By the argument above, there exists ¢ such that ¢« w and
t . w' exist and (32) fails. Because <L® and < are linear orders, this implies that either w
and w’ are equivalent, or (32) with w and w’ exchanged is true. We saw above that this implies
w > w'. So, in any case, (i) fails. O

5. HOMEOMORPHISMS OF A PUNCTURED SPHERE

Artin’s braid group B,, can be realized as the mapping class group of a disk with n punctures
[3], and the induced action on the fundamental group gives Artin’s representation of B, in the
automorphisms of a rank n free group. In this section, we prove similar results for the group B,.
We observe that B, can be mapped to the mapping class group of a sphere with a Cantor set
of punctures, and deduce that B, embeds in the groups of automorphisms of a free group of
countable rank using the ordering of Section 4.

5.1. The mapping class group of a sphere with a Cantor set of punctures. We aim at
mapping B, into the homeomorphisms of a punctured space. As B, includes B, disks with
infinitely many punctures are to be expected. Moreover the tree-like structure of B, should
make it natural to meet the Cantor set. A suitable choice is to collapse the boundary of the
disk, i.e., to start with a 2-sphere, and to remove a Cantor set of punctures. Note that the
complement of a Cantor set consists of a countable collection of open intervals naturally indexed
by dyadic numbers.

Definition 5.1. (Figure 12) We fix a real number p in (0,1)—for instance p = 1/3—and we
denote by K the Cantor subset of [0, 1] obtained by iteratively removing the median intervals of
size p*. We define Sk to be the topological space obtained from the disk of diameter [—p, 1+ p]
in R? by removing the points of K and collapsing the outer circle.

FIGURE 12. The space Sk: a sphere with a Cantor set removed from the equator,
or, equivalently, two hemispheres connected by a countable family of bridges indexed
by dyadic numbers; the loop represents the element x;}xl of the fundamental group:
it starts from the South pole, crosses the bridge at i to the North hemisphere, and
returns to the South pole by the bridge at %

We denote by MCG(Sk) the mapping class group of Sk, i.e., the group of all homeomor-
phisms of Sk up to isotopy. As in the case of a finite set of punctures, a continuous motion
in the disk that maps K to itself determines an element of MCG(Sk). Imitating the standard
constructions, we can define elements of MCG(Sk) corresponding to Dehn’s half-twists on the
one hand, and to Thompson’s piecewise linear homeomorphisms on the other hand.
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Definition 5.2. (i) (Figure 13) Let s be a finite sequence of positive integers, say s = (i1,... ,i).
Put p, :=274="~%p Then D, is defined to be the (image in Sk of the) disk with diameter
[0.17101%27 0. .. 011 — p 0.1~ 1012710, .. 01" 21015 — p, /2]

(referring to the dyadic expansion of rationals; p is the constant used in the realization of the
Cantor set K, e.g., 1/3).

(79) (Figure 14) For i > 1, we define ¢(0;) to be the class in MCG(Sk) of a clockwise half-
turn (with rescaling) that exchanges D; and D;1; and is the identity on all other D;’s. We
define ¢(a;) to be the class in MCG(Sk) of a motion that fixes D, for j < 4, dilates D; 1 to D;,
translates D; j41 to D;4q ; for every j, and contracts D; to D;4q for j > 1.

H | — e — —

D3
I/;_

; Dy
M~
i
32 1 5 3 7
048_8Zg

FIGURE 13. The disks D;: essentially, D; is the disk based on s and its immediate
successor in the lexicographical ordering: for instance, D; is essentially the disk with
diameter [0, %}, and D11 is essentially the disk with diameter [0, i]; the adjustments

guarantee that the disks D, ; are disjoint and nested in D,

FIGURE 14. Homeomorphisms of Sk associated with o; and a;: a Dehn half-twist,
and a dilatation—contraction

An immediate verification shows that all relations in R, induce isotopies, so we have:
Lemma 5.3. The mapping ¢ induces a morphism of Be into MCG(Sk).

5.2. Action on the fundamental group. The homeomorphisms of Sk induce automor-
phisms of its fundamental group, and those coming from the elements of B, can be described
explicitly. We first identify m (Sk).

Definition 5.4. (Figures 12 and 15) For s a finite nonempty sequence of positive integers, we
define x4 to be the class in 71 (Sk) of a loop that starts from the South pole of Sk, reaches the
South pole of Dy, turns around D clockwise, and returns to the South pole of Sx. We define
Zs to be 1 for s the empty sequence.

Lemma 5.5. The fundamental group of Sk is the free group Fo based on the xg’s.

Proof. As Sk is open in 52, a loop, which is compact, may cross the equator only finitely many
times. So, in order to prove that m (Sk) is generated by the z,’s, it is sufficient to show that,
for every sequence s, the loop v, that starts from the South pole, crosses the equator at the
left of 0 and returns to the South hemisphere by the bridge immediately at the right of Dy can
be expressed as a product of z,’s. Indeed, as S? has no boundary, the loop crossing near 0 and
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returning near 1 is trivial, and, if we can obtain 74, then, by using loops of the form v, 17,/ , we
obtain every loop crossing the equator twice, and, from there, every loop crossing the equator
finitely many times. Now, one easily checks that, for s = (i1,... ,i.), one can take for 7, any
loop representing

(1o .. T —1)( @iy 1T4y 2+ Ty ig—1) - (Ziy s iy ATy ir 1,2 -+ - Ty i g i1 )-

It remains to show that the z’s form a free family. Assume that we have a relation in m (Sk),
say w(Zs,,...,Ts,) = 1 with w a freely reduced word. If the disks Dy, ..., D, are pairwise
disjoint, collapsing each of them to a point induces a surjective homomorphism of the subgroup
of 1 (Sk) generated by zs,, ..., x5, onto the fundamental group of a disk with n punctures.
The latter is a free group of rank n, so w must be trivial.

Assume now that some disk D, includes another disk D,,. This means that s; is a prefix
of s;. For each such 4, we define y; = x,, 12,2 ... Ts;,p,» Where p; is the minimal p such that
(si,p) is a prefix of no other index s;. Note that the process creates no new inclusion. Let ¢
be the result of collapsing all z,, ,’s with p > p;. By construction, we have p(zs,) = v;, and,

therefore, w(zs,,... ,2s,) = 1 implies w(y1,... ,yn) = 1. Now, for each i, the variable z, p,
occurs in y; only, and the disks Dy, ,, are disjoint. Then the same argument as above shows
that w must be trivial. O

The homeomorphisms of Sk induce automorphisms of its fundamental group F,, and we
obtain a morphism of MCG(Sk) into Aut(m;(Sk)), i.e., into Aut(F,).

Proposition 5.6. Let denote the composition of the above morphism of MCG(Sk) to Aut(F,)
with the morphism ¢ of Be to MCG(Sk). Then ¢ maps Be into Aut(F,), and we have

(33) (o) x> xjs forjF#ii+1, Tis xixiﬂ’sxi’l, Tif1,s > Tig,

(34)  o(a) {

Tjs = Tjs forj <i, xjer— i1 forj >,
Ty = TiTi41, Xi1,8 V7 Ti,s, Tij+1,s 7 Tit14,s forj = 2.

Proof. That 1 is a morphism follows from the construction—or from a direct verification, once
the explicit formulas for ¢(o;) and 1(a;) are known. The latter can be read in Figure 15. O

FIGURE 15. Generators of 71(Sk), and action of ¢(o;) and ¢(a;) on these generators

5.3. Determining the automorphism. Once the automorphisms attached with o; and a;
are known, we can determine the automorphism of F, associated with any x in Be by composing
the automorphisms associated with the successive letters of any word representing . Here we
give an alternative description involving F,-coloured trees, i.e., finite binary trees in which the
leaves wear colours from F,.
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Definition 5.7. We use finite sequences of positive integers as addresses for the nodes in binary
trees, as described in Figure 16. Moreover, we define for each node its natural F,-colour to be
x;iqxl;lz .. x;}xs for the node with address (s, k).

1 1
(1L,1) (2) 1 i
7/ \ / N\ /N /N
(111) (12) (21) 3) an w31 '

( 72
/N /N /\ /\ /\ /\ /\ /\

(LLL1)(L12) (121) (1L3) (2L1) (22) (31) (4) @ @), %u Tz @@ T1 T G502 Ty 25050

FIGURE 16. Addresses for the nodes in trees, and the associated natural Fs-colours;
for each s, the variable s is the natural colour of the node with address (s,1); we
recall that x5 is 1 for s the empty sequence, whence the colours on the right branch

In the sequel, it will be convenient to consider trees in which not only the leaves, but also
the inner nodes are given F,-colours.

Definition 5.8. An F,-coloured tree will be called coherent if the colour at each inner node is
the product of the colours of the left and right sons of the node (in this order).

By construction, when we give to each node in a tree t its natural F,-colour, we obtain a
coherent Fo-coloured tree that will be called the natural F,-colouring of t.

We now introduce a partial action of words on F,-coloured trees extending the action on
uncoloured trees. As in the case of B,-coloured trees, the point is to specify how colours behave.

Definition 5.9. For ¢ a coherent F,-coloured tree with dec(t) = (¢1,...,t,) and n > 4, the
trees t« o; and t . a; are determined by:

(35) dec(t . O'i) = (tl, SRS ati—l, t/, ti, ti_,_g, [SPN ,tn),

(36) dec(t . ai) = (t17 e 7ti—1; titi-i—la tH_Q, e ,tn)7

where #' is the tree obtained from t;,1 by replacing each colour y with xyz~!, where z is the
colour of the root in t;. Then, for w a word, t«w is defined so that t « w™' = ¢’ is equivalent
tot' ew =1t and t« (wiws) = (£t «wy) « wo holds.

It is easy to check that the previous action preserves coherence. Then we have the following
effective method for determining the automorphism of F, associated with a word w.

Proposition 5.10. For w a parenthesized braid word, put @ = ¢ (w) . Then @ can be deter-
maned as follows:

(i) Choose a tree t that is large enough to ensure that t « w exists;

(ii) Compute t « w, where t is the natural Fo-colouring of t;

(iii) Then @ maps the natural colour of every node in t«w to its actual colour in t«w.

Proof. (See Figure 17 for an example). For ¢t an F,-coloured tree and 6 a mapping of F, into
itself, we denote by t? the tree obtained from t by replacing each colour  with (). What we
want to prove is the equality £« w = t’ ® \where #' is the natural F,-colouring of (t«w)".

A direct inspection shows that the result is true when w is a single letter aiil or afﬁl.
So the point is to show that the result is true for w = wjws when it is for w; and ws.
Assume that t . w exists. Denote by t; the natural F,-colouring of ¢+ w;. By induction
hypothesis, we have tew; = t’ia, hence tew = t?l «wy. By induction hypothesis again, we have
t1 « wy = t'™>, which means that each node with colour x in ', has colour w3 (z) in t; « wy. By

Lwhere we recall @ denotes the element of Be represented by w
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construction, this colour is an expression E(x,,...,xs,) involving some variables z,,... , x5,
with products and inverses. When we substitute t; with t?l and let wg act, the result is
the corresponding expression E(wi(zs, ), ... ,w1(xs,)), which is also w1 (E(zs,, ... ,Ts,)) as Wy
is a group automorphism. This means that tf’\l « wo, which is ¢« w, is £'P1°%2 je., t'? as
expected. O

t/: 1 N W teasor : ) 1 N compare with t’ :/ 1 N
T1 Ty a:lxgmgwf :z:n’glx;lx]l T1 x]l

7 \ 7 \ 7 \ /7 \ AN
T2 :cglle :clzrzmzl {1’113313;1 z1 :cglxgle T1,1 xj’llxl T2 :r;lzrzl
/ / \ / \ / \
T2,1 mg}lxz T3 mglmglmf 1‘1:0271:0;1 xlm;’llmgmfl T1,1,1 1’11171301,1

FIGURE 17. Computing the automorphism of F, associated with azo1: we let azoy
act on a tree t with natural F,-colours, and compare the colours in ¢t « azo1 with the
natural ones: the node with natural colour z has colour ¢ (az201)(z) in t « az01. For
instance, x1 is mapped to xlxzzgxfl and that xf}xl is mapped to xlxgzrfl.

Remark 5.11. The (partial) actions of B, on F,- and B,s-coloured trees extends to all S-
coloured trees where S is a left cancellative ALD-system.

5.4. The injectivity result. Artin’s representation of B, is an embedding [3]. We extend
the result to B,, so obtaining a realization of B, as a group of automorphisms of a free group.

Proposition 5.12. The representation v of Be in Aut(F,) is an embedding.
Corollary 5.13. The morphism ¢ of Be into MCG(Sk) is injective.

The method for proving Proposition 5.12 relies on the possibility of considering words w of
a specific form, in connection with the linear ordering of B, constructed in Section 4. In the
case of braids, the method was first used by D. Larue in [26], and it gives a powerful method
for proving the possible injectivity of a representation [30, 12].

Definition 5.14. For u a word in the letters 2!, we denote red(u) for the freely reduced word

obtained from u by removing all pairs 2~ and z'z.

Thus F, identifies with the set of all freely reduced words. We recall that @w denotes the
automorphism ¢ (w) of F, associated with w.

We begin with two auxiliary results. The first one is similar to Proposition 5.1.6 of [19] for
braids. The only change is that variables xs with s of length more than 1 may occur, but this
does not change the argument.

Lemma 5.15. The image of a word ending with x;l under o; or Ejil with j > 1 ends with x;l.

Proof. Assume that u ends with x;l, say u = u’x;l. Then we have

(37) Gi(u) = red(5; (u) 2z 2 ).

In order to prove that the word above ends with x; ! it is sufficient to check that the final zi_l
cannot be cancelled during the reduction by some z; coming from o;(u’). By (33), an z;

in 6;(u') must come from some x;, z; *, or ;41 in u’. We consider the three cases, displaying
the supposed involved letter in w'. For «' = u"z;u’”, (37) becomes

Gi(u) = red(; (W) vizi12; 15 (u’”)wix;}lx;l).
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The assumption that the first z; cancels the final x;l implies 7;(u”’) = €, hence v = ¢,
contradicting the hypothesis that u”a:iu’”xi_l is reduced. For v’ = u”xi_lu”', (37) is

Gi(u) = red(G; (u")zsz; oy 1o (0w ).
The assumption that the first z; cancels the final ;' implies now that ="z} '5; (v )z;z; 4
reduces to ¢, hence 7;(u") = z;2? 1T ! and, therefore, v = 22, again contradicting the

—1_

hypothesis that «”z; "« is reduced. Finally, for v’ = u"z;1u", (37) says

Gi(u) = red(5;(u") ;o1 (Wi @),

-1
it
hence 7;(v") = x;412; ', and, then, u" = x;_llxl-, contradicting the hypothesis that u”z;, v’
is reduced. We similarly consider the action of 8; with j > i and e = +1. We find

(38) 5(u) = red(35(u)z; ),

The assumption that the first x; cancels the final z; Uimplies that &;(u" )z , reduces to ¢,

and aim at proving that the final x; ! cannot vanish in reduction. Now it could do it only with
some x; in 3;(1/ ), itself coming from some z; in u’. For a contradiction, we display the latter as
o = u"z;u". Then (38) becomes 7;(u) = red(c?je-(u”)xﬁj(u”’)x;l). As above, we must have

o5 (u") =€, hence u"" = ¢, contradicting the hypothesis that u”ziu”’xi_l is reduced. O

The second preliminary result is specific to our current situation.

Definition 5.16. A word in the letters 2F! is said to be special if it is freely reduced and it
admits a suffix of the form x;lfcs,jl’sl . Ts s, With 7 > 0, where s,s1,..., s, are sequences,
and j1,...,J, are positive integers.

-1 -1 .
Thus z; ~ and z12; 21 are special words.

1

Lemma 5.17. For each i, the image of a special word under a; ~ is a special word.

f— / 71 . . . . ] ] 3
Proof. Let u = w'x} (%} s ji 51 - - Tjs,j.,s, D€ a special word. We consider the image of u un-

der a;l, according to the mutual positions of 7 and j. Assume first j < ¢. Then we have

~—1

o .. ~1 o
a;, (xj,s) = 2j,5, and, similarly, @; (2.5 ju.sx) = &j,s,js,s, fOr €ach k, hence

P VR 1y, —1 o
(39) a; (u) =red(a; (u )xj,sxj>51j1751 s Gese )
-1
J»s
cannot vanish during reduction. Now assume it does. The letter m;sl is cancelled by some

letter z; ; coming from @; ' (u’). The explicit formulas for a@; ' are

In order to conclude that this word is special, it suffices to prove that the displayed letter x

o Tig > Tig for j <i, x; — x; s for j > 1
(40) a; 1 :{ j,s Jss J ) j+1,s Jss J )

1 .
T 7 Til,ss Tit1 o Ty T, Tit1,j,s 7 Tij+1,s 0T j = 2.

So a letter x; in @; '(u') must come from a letter z;, of w’. Let us display the considered
letter and write v’ = u”z; su”’. Then (39) becomes

a7t () = red(@; ! (u")aje;  (u)

S : 1.~ -1
The assumption that the final z; ; in @; (u')x

158
a; (u") =€, hence v = ¢ as @; is an automorphism. This means that «’ finishes with z; s,
contradicting the hypothesis that o’ x;i is reduced.
The argument is similar for x; with j > 4 + 1, and, more generally, it works for all z;’s
except 2; and z;1,. Indeed, in these cases, @; * maps ; to a (possibly different) letter ;o
so that a letter x;/ o in ?ii_l(v) must come from a z; ¢ in v. Then, the previous argument shows

that the letter x]_; witnessing for specialness becomes a letter xj_,}S, that cannot be cancelled.

is cancelled by the displayed z;, implies
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On the other hand, (40) shows that, in all considered cases, the final letters x; ; ;, s, become
letters o j, s, S0 the word @; ' (u) is special.

There remain the cases of x; and z;41. To simplify reading, we assume ¢ = 1. Let us first
consider 1, i.e., u = u’xflxl,jhsl ... T14,,s,, Which gives
(41) ay ' (u) = red (@ (W) T %1y s - T s,)-
If the displayed xﬁ does not vanish during reduction, the above word is special. We shall see
now that xl_i may vanish, but one nevertheless obtains a special word. Indeed, (40) shows that
an 1, in a;l(u’) comes either from an z; or from an x;l in «’. By the same argument as
above, x; is excluded. So assume u’ = u” x5 'u”. Then (41) becomes

a;l(u) = red(ﬁfl(u”)xflxl,lafl(u’”)mf’}xl,l’jl,sl s e L1180

and the assumption is a; *(u”’) = e. As above, we deduce v = ¢, hence v’ = u" x5 '—which is
not forbidden. In this case, we find

(42) a;(u) =red(@; ()T w10 s o T10 s, )

To show that this word is special, it is sufficient to prove that the xl_l cannot disappear. Now

the only way xfl could vanish is with some x; in 6fl(u” ), necessarily coming from some x4
in u”. Write v’ = w"zou’"". As above, we obtain a; ! (u"”") = ¢, hence v/ = ¢, implying
that u” finishes with 25, and contradicting the hypothesis that u”z5* is reduced. So the study
for x1 is complete.

Finally, let us consider the case of x5. The problem here is that 6;1 maps s to xiixl,

which is not a single letter. So assume u = w'xy ‘29 j, s, - - - T2,j, .5, We obtain
~—1 STy —1
(43) ay - (u) = red (@ (u)a T11T1 141y - Tyt s,)-

In order to show that this word is special, it suffices to prove that the letter xfl cannot vanish.
Now a letter ; in @; *(u’) must come from a letter o in v/, and we argue as above. O

We can now prove the injectivity of the homomorphism ¢ of B, into Aut(F,).

Proof of Proposition 5.12. Our aim is to show that, if w is a word that represents a non-trivial
element of B,, then the automorphism @ (i.e., ¥(w)) is not the identity mapping, i.e., there
exists at least one letter z; such that @w(xs) is not xzs. By Proposition 4.14, at the expense of
replacing w by an equivalent word and possibly exchanging w and w™!, we may assume that
w is either g;-positive or is a non-trivial a-word.

Case 1: w is o;-positive. By definition, we can write w = wflwgwg,, where wy and w3 are
positive a-words, and ws is a g;-positive o-word. First, because w3 contains positive letters ay,
only, there exists a vine t such that ¢« w3 is defined and we may assume in addition that the
right height of ¢ is at least i + 1. Let t be the natural F,-colouring of ¢. By construction, x; is
a colour in ¢, hence in t « w3, and Proposition 5.10 implies that there must exist « in F, such
that w3 maps = to x;. All colours in a natural F,-colouring are not single variables, but this
is always the case for nodes with addresses ending with 1. So, in any case, the left son of the
node where z; occurs has colour x; ; in t«ws, and colour z, for some s in the natural colouring
of t«ws. In other words, there exists s satisfying w3 (zs) = 241

We now consider wa (w3 (zs)), i.e., Wz (z;,1). Write wy = wjo;wo; . .. o;w,., where wj, contains
no ajﬂ with j < 4. Then ’L/UZ fixes x;,1, while o; maps it to a:izH_lei_l, a reduced word ending
with z; ! Applying Lemma 5.15 repeatedly, we deduce that the final z; ! cannot disappear,
and, so, wWs(w3(xs)) is a reduced word ending with x; '

Consider now the action of @; ' on the latter word. Every reduced word ending with m;l
is a special word, hence, by Lemma 5.17, its image under o lisa special word. Hence w(xy)
is a special word. As x, is not a special word, W cannot be the identity mapping.
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Case 2: w is a non-trivial a-word. Let t,t’ be trees satisfying ¢’ = t.w. The hypothesis that
w is non-trivial implies ¢’ # ¢. Then there must exist an address s such that (s,1) is an address
in ¢ and not in . Then z, occurs in the natural F,-colouring ¢’ of ¢, and not in the natural
F,-colouring t of ¢. Proposition 5.10 implies that @w(zs) is a combination of colours occurring
in t', so it cannot be z,, and @ is not the identity mapping. O

An application of Proposition 5.12 is an alternative proof of the fact that the relations R,
make a presentation of the group B,. Indeed, ignoring the injectivity of = : B, — B,, we
can construct a morphism @Z of B, to Aut(F,) using the explicit formulas of Proposition 5.6.
Then Proposition 5.10 shows that, for each word w, the automorphism 12(@) can be recovered
from the action of w on Fe-coloured trees. Now the latter can in turn be deduced from the
diagram D(w) using Fe-colourings, hence from the isotopy class of D(w) as isotopy preserves
colours. So zZ(E) depends on the image of w in B, only, i.e., 1 factors through B.:

Bu=(av,00:R) Y Aut(F.)
7T$ Yy

B, = {parenthesized diagrams} /isotopy

What Proposition 5.12 shows is that QZ is injective, which implies that both 7 and 1 are injective.

6. MISCELLANI

We conclude with a few additional remarks about B,.

6.1. Pure parenthesized braids. Each braid induces a permutation of positive integers,
which leads to a surjective homomorphism of B, onto the group S, of eventually trivial
permutations. The group Ss is the quotient of B, under the relations ¢ = 1, and the kernel
is the pure braid group PB.,. The situation is similar with B,. The quotient of B, obtained by
adding the relations o = 1 is the subgroup S, of Thompson’s group V made of the elements
that, in the action of V on the Cantor set K, preserve the right endpoint; see [18], and [5, 6]
where this group is called V. Then the kernel of the projection B, — S, is a non-trivial normal
subgroup PB, of B,, whose elements can be called pure parenthesized braids.

Proposition 6.1. We have PB, = (F*)~!. PB,, - F*.

One inclusion is trivial, and the other follows from the equality Bs = (F*)~!: By, - F'*.

6.2. Alternative presentations. Alternative presentations of B, have been considered. On
the one hand, exactly as Thompson’s group F' is generated by the two elements here denoted a4
and ag, the group B, is generated by 01,09, a1, az, and it is a finitely presented group [6].

On the other hand, large presentations may also of interest. The presentation (a., o, Re)
gives different roles to the left and right sides. This in particular implies that B, is a group
of left fractions of B} only, and that right common multiples need not exist in Bf. As shown
in [18], B,, as well as Thompson’s groups F and V, can be given a balanced presentation. The
principle is to consider new generators similar to o; and a; but acting at any possible address
in a tree, and not only at addresses on the rightmost branch. In the current framework, it is
natural to denote by o, and as such generators, with s a finite sequence of positive integers.
For instance, 01,1 corresponds to applying o1 at the address (1,1) (in the sense of Figure 16)
instead of at (1), which amounts to defining ;1 = aflaglalagal. We obtain in this way an
extended double family of generators o, as, and, using the techniques of [18], one can show:
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Proposition 6.2. In terms of the generators os and as, a presentation of Be is:

(44) Ls,is'Ys,j,8" = Ys,j,s"" Ls,i,s! fOT‘j 7é i7

(45) 0s5,ils,j,s" = Ts,j,s'0s,i Us,iTs j,s' = Ts,j—1,s'0s,q fO’f'j > 1+ 27

(46) Ts,i,5,s'0s,i = O5,iLsi+1,5,5"5 Ts,i4+1,5,8'0s,i = Os5,iTs,i 5,5

(47) Ts,il,s' Qs = Qg iTs 11,8 Ts,id1,5,8' Os,i = Qs iTsij+1,8

(48)  04,i05,i+10s,s = Os,i4105,i0s i+1; Os,i410s,ils it1 = G5 i0s i, Osi0sit10s iy = Qs i+10s,
(49) Os,i0s,it10s,; = Qg it+10s,i0s i1, Os,ilsi = Qs i+10s,i0s 41,

with 1, j positive integers, s,s',s"” sequences of positive integers, and x,y denoting any of o or a.

Despite its apparent complexity, the above presentation is simple: in addition to the relations
of R,, it only contains more or less trivial commutation relations, plus the last relation in (49),
which is MacLane’s pentagon relation [27]. The advantage of this presentation is that it restores
the symmetry between left and right—this becomes more evident when sequences of 0’s and 1’s
are used as addresses [18]. In particular, the presentation leads to a new monoid, larger than B{,
in which both left and right lem’s exist, and B, is both a group of left and right fractions of
this monoid.

6.3. Artin’s representation of the group BV. In [5, 6], M. Brin introduces two groups
denoted BV and BV , for which he establishes presentations. The presentation of BV shows
that this group is isomorphic to B,. The group BV, which is an extension of Thompson’s
group V, includes BV , hence B,, as a subgroup, but, at the same time, it identifies with the
subgroup le) of B, consisting of the parenthesized braids in which only the strands starting at
a positions (1,s)—i.e., 1 or infinitely close—may be braided. For instance, aj 'o1a; is a typical
element of le). By using the Artin representation of le), we obtain a representation of the
group BV into Aut(F,). From the point of view of an action on trees, BV can be obtained
from B, by adding new generators c¢;, ¢ > 1, whose effect is to switch the subtrees t; and
tit1...tpe of the right decomposition.

Proposition 6.3. Defining
Q/J(CZ) . 1’j75 = xj,s fOT’j < i, €T — SL'i_l, :Ei,j,s (g xixH—j,Sxi—la $i+j,s (g xi,j.,s
extends the embedding v of Proposition 5.6 to the group BV .

6.4. Further questions. Owing to the many results about B, and F, in particular in terms
of (co)-homology and geometry of the Cayley graph, investigating B, in these directions seems
a promising project.

7. APPENDIX: THE CUBE CONDITION FOR THE PRESENTATION (a., 0, Re)

The algebraic results of Section 2 rely on the fact that the presentation (a., 0., Re) satisfies
the so-called left and right cube conditions. Verifying these combinatorial properties requires
that we consider all possible triples of letters. There are infinitely many of them, but only
finitely many different patterns may appear, and the needed verifications are finite in number.
Here we give some details.

The left cube condition. The left cube condition for a triple of letters (x,y, z) claims that,
whenever the word zy 'yz~! is left reversible to some word v~ 'u with w,v containing no
negative letter, then vz~ 'u~! is left reversible to the empty word e.

In the presentation (a«, o4, Re), there exists exactly one relation ux = vy for each pair of
letters z, v, hence there exists at most one way to reverse a word w to a word of the form v~'u
with u, v positive. We shall denote by u/v the unique positive u’ such that uv =1 is left reversible

to v/ ~'u/ for some positive v/, if such words exist. If w is left reversible to w’, then w™" is left
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reversible to w’~!, and therefore, if uv 1! is left reversible to v/ ~1u’, the latter is (v/u)~*(u/v).
So, for instance, we have o1 /02 = 0901 and 03/01 = 0109, and (7) rewrites as

(50) ai/aj :dbj(di), (lj/O'i :amm.

In the case of two a;’s, the formula for / always takes the form a;/a; = a;. The index i’ will be
denoted /5. For instance, one has 1/2 =1 and 2/1 = 3. It is then easy to verify the equalities

(51) dbi(oi)/dbi(0;) = dby,wy(0i/0),  owli]/ok[j] = db;(ow)[i/J],
u/
where = denotes R,-equivalence. Let us write v'| «~ | v when uv ™! is left reversible to v’ ~'u'.
e U2 U1
U —>
V2| N l 2\ lZ

The left cube condition for (z,y, z) means that, when we fill the diagramv l—>lT> , then
1 e\ y
T

1 1

the word vyvozz~ uy 'uy ' must be left reversible to &, i.e., filling the corresponding diagram
leads to € edges on the left and the top side.

We are ready to consider all possible triples of letters. We sort them according to the numbers
of o’s and a’s. In the case of three o’s or of three a’s, the condition is already known. So,
we have only to consider the four cases corresponding to one a and two ¢’s, or two ¢’s and
one a. The values follow from the formulas of (50) and (51). Figure 18 gives the details for the
(0,0,a) case; the other three cases are similar.

dbg k) (0i/0;) €
Fm———=——==- F-—-—------ >
| |
Go; /o o;k]] | A €] A ldbaj[kJ(W/”j)
v oi/0; € v dby(c;)/dbg(c;)
Fo==--=me=- Fom=-==—==- Fo==em———=-
| | |
0j/oi | 2 €| N 1dbr(03)/dby (o) ldbk(ffj)
db, . k(o /0 dby (o
*—U> O NGO S LN
7 | | |
€ A 10o;/oi(oilk])  (Goifk] lak
\4 R \4
Ao /o5 K] 0j/0i Ti

FIGURE 18. Left cube condition for the triples (o,0,a): one first reverses
oo} oja; " to (aj/cn)_l(agi/aj [(,J,[k“)_l(db[,j (](¢i/05))(dbk(05)), then restart from
(agi/gj [0 [k]]) (O'j/O'i) (0’1) ((Tk)_l (dbk(aj))_l (dbgj [k](O'i/O'j))_l and check that the
latter is left reversible to ¢; the values follow from (51) and the fact that the permu-
tations associated with (¢;/0;)o; and (0j/0;)0; coincide, as both come from the left
lem of the involved braid.

The right cube condition. The verifications for the right cube condition are similar, except
that we use right reversing, i.e., we push the negative letters to the right. Again, right reversing
leads to at most one final word of the from wv~' with u,v positive, but, in contrast to left
reversing, right reversing need not converge: R, contains no relation of the form a;u = a;4q1v
or o;u = a;v, hence a;laiﬂ and aflai are not right reversible.

It is possible to establish general formulas similar to (50) and (51). Denote by u\v and v\u
the unique positive words such that u~!v is right reversible to (u\v)(v\u)~?, if such words
exist. Then, if u,v are o-words, u\(va;), when it exists, is obtained from u\(vc;) by replacing
the final o, with the corresponding ay, and a;\u, when it exists, is obtained from u by erasing
the j-th strand (in the braid diagram coded by u). However, such formulas are not very
convenient as they do not guarantee that the considered words exist, and it is actually easier
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to systematically consider all possible cases, which are not so many owing to symmetries and
trivial cases. Because of the above mentioned formula, all words appearing have length 6 at
most, and the less trivial cases are when the indices are neighbours. A typical example is given
in Figure 19; all other cases are similar or more simple.

as o1 0201
A - . »
L] L] 71
as I I I
——> (0] my 109 My 10201 My 1 €
0302 ! o102 !
o1 e e St S e >»Y
o a I I £
! » ____3____>Y 0102 N 10102 My 1 €
| 030201 ! !
1P ~ 10201 :0201 _______ RN S N 4
| 3
_______ N\ SEpR—— 030201 % 1 €
0109 030201 !
_______ N 4
g

FIGURE 19. Right cube condition for the triple (o2,01,a3): one first reverses
—1 —1 s . -1 _—-1_-—-1
0, 0107 a3 to a positive-negative word, here oi020302a107 "0, o7, and, then,
1 _—1_—1_—1_—1_—1 - .
one checks that aj 05, 03 05 07 0, azo10201 is right reversible to €.
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INDEX OF TERMS AND NOTATION

~ (word reversing): Def. 2.1 ¢ (morphism of Be to MCG(Sk)): Def. 5.2
z[y] (operation on B,): Def. 3.4 H(f) (homeomorphism): Prop. 4.4

x oy (operation on Bs): Def. 3.4 homogeneous (presentation): Def. 2.4

o, (coloured tree): Def. 3.7 K (Cantor set): Def. 5.1

< (tree ordering): Def. 4.1 LD-system: Def. 3.1

< (special order on F): Def. 4.3 N, (set of all positions): Def. 1.1

<* (positive ordering): Def. 4.6 naturel (colouring): Def. 5.7

< (ordering): Def. 4.10 parenthesized braid: Def. 1.14

ax: (family of all a;’s): Def. 1.16 Pos(t) (positions associated with ¢): Def. 1.2
address (node of a tree): Def. 5.7 position: Def. 1.1

ALD-system (augmented LD-system): Def. 3.1 1 (morphism of Be to Aut(F,)): Prop. 5.6
a-word (parenthesized braid word): Sec. 1.3 p (construction of a Cantor set): Def. 5.1
B, (group of parenthesized braids): Def. 1.14 Re (relations): Def. 1.16

B. (group presented by Re): Def. 1.16 rack: Def. 3.1

BY (monoid presented by Re): Def. 2.9 red(u) (free reduced word): Def. 5.14

B3P (special braids): Def. 4.23 reversing: Def. 2.1

¢n (right vine): Example 1.3 s* (dyadic realization): Def. 1.1

¢4 (diagram completion): Def. 1.11 special (parenthesized braid): Def. 3.16
Col(t) (colours in a tree): Def. 4.23 special (word): Def. 5.16

C (positive cone): Def. 4.8 0 (family of all o;’s): Def. 1.16

coherent (Fe-coloured tree): Def. 5.8 Sk (sphere with a Cantor removed): Def. 5.1
complete (presentation): Def. 2.3 o-word, o,a-word (parenthesized braid word): Sec. 1.3
completion (of a braid diagram): Def. 1.11 o4-positive (word): Def. 4.13

O (shift mapping): Def. 3.2 skeleton (tree): Def. 3.7

Di(w) (braid diagram): Def. 1.6 tT (skeleton of t): Def. 3.7

dby,(w) (strand doubling): Def. 2.15 t « w (action on Be-coloured tree): Def. 3.8
dec(t) (tree decomposition): Def. 1.7 t e« w (action on Fe-coloured tree): Def. 5.9
D; (disk): Def. 5.2 tidy (word): Def. 2.24

Dyad(t) (rationals associated with t): Def. 1.2 w[k] (initial position): Def. 2.15

dyadic realization (sequence): Def. 1.1 w (element represented by w): Lemma 3.14
equivalent (braid diagrams): Def. 1.10 @ (automorphism of Fe): Prop. 5.10

ev(t) (evaluation of a coloured tree): Def. 3.12 xs (loop class): Def. 5.4

ev*(t) (evaluation of a coloured tree): Def. 3.12

LABORATOIRE DE MATHEMATIQUES N1cOLAS ORESME UMR 6139, UNIVERSITE DE CAEN, 14032 CAEN, FRANCE
E-mail address: dehornoy@math.unicaen.fr
URL: //wuw.math.unicaen.frAdehornoy



