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® There exists a distinguished order on B,,, with many equivalent approaches
(self-distributive algebra, homeomorphisms of a puntured disk, hyperbolic geometry...)

a~ anew combinatorial approach, based on the connection between
-the orderon B,,,  -the Garside structure on B,'.

~» leadsto - new questions/results about the combinatorics of DivAg,
- new construction of <,
- new proof of the (not yet understood) well-ordering property
~~ completed for B3 only.



Sigma-positive braid words

e Definition: A braid wordis o -positive if the main generator (~» the one with maximal index)
occurs only positively.
a~» Example: 010201_1 IS o-positive, 02_10102 IS not (and not o-negative either)

® Property A: (~+ Acyclicity) A braid with a o-positive expression is not 1.

® Property C: (~» Comparison) Each braid not equalto 1 admits a o-positive expression, or a
O -negative expression.



Sigma-positive braid words

e Definition: A braid wordis o -positive if the main generator (~» the one with maximal index)
occurs only positively.
a~» Example: 010201_1 IS o-positive, 02_10102 IS not (and not o-negative either)

® Property A: (~+ Acyclicity) A braid with a o-positive expression is not 1.

® Property C: (~» Comparison) Each braid not equalto 1 admits a o-positive expression, or a
O -negative expression.

® Proposition:  For x, Yy in B, say that z < y holds if :U_ly admits a o-positive expres-
sion. Then < is a linear ordering, compatible with multiplication on the left.

(Property A = no cycle; Property C = linear)



Handle reduction

If a braid word w is
neither o-positive nor o-negative,
It contains both o, and J;,Ll

~~ a handle:
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Handle reduction

If a braid word w is
neither o-positive nor o-negative, \/
it contains both o, and U;,Ll \

~~ a handle:

~~ reduce the handle: 4

® Proposition:  Handle reduction always terminates.

a~» Corollary: Property C.



The complexity of a braid

For 2z a positive braid, let Div z :=the left divisors of Z.
A~ “the word w is drawnin Divz”
= is drawn in the restriction of the Cayley graph of B;ro to Divz.

e Lemma: Assume w is drawn in Divz and S be a sequence of handle reductions from
Then there exists a o -positive word S (“witness-word”) drawn in Div 2 s.t.
# of main reductionsin S = #of g,,’sin S.

e Definition: The complexity of z:

¢(z) := maximal # of 0,,’sina o-positive word drawn in  Div 2.

w.




The complexity of a braid (cont'd)

e Property A = ¢(2) < o0.
e For w drawn in Div(z), at most ¢(z) main reductions in any reduction sequence from .
® Every 1 strand braid word drawn in DivAf,lL for some d

~s Main question : Whatis c(A%)?

o CK ‘\
0201 (/—» O—ﬁO
..... ﬂ \“
/ \ AS 1/ {Q\Ai% 40 3
\‘4 'o “4 ,'/ O ----- */
O_>d . K x

91 102 ao——»o”x’\o ></



The complexity of a braid (cont'd)

e Property A = ¢(2) < o0.
e For w drawn in Div(z), at most ¢(z) main reductions in any reduction sequence from .
® Every 1 strand braid word is drawn in DivAf,lL for some d

~ Main question : Whatis c(A%)?



The complexity of a braid (cont'd)

e Property A = ¢(2) < o0.
e For w traced in Div(z), at most ¢(z) main reductions in any reduction sequence from  w.
® Every 1 strand braid word traced in DivA,,C,lL for some d

~s Main question : Whatis c(A%)?

e N 7/
: 0-10-2 \“ "’,'
71 = c(A3z) > 2 o—0" \o----></ = c(A3) =25

Remark: Az = ob o o907 .



Computation of c(AZ2), step 1

® Proposition: c(z) is the #£ of main jumps (~» the main generator in the quotient of two
successive entries is the maximal one)  in the increasing enumeration of Divz.




Computation of ¢(A%), step 2

e Proposition:  ¢(2) + 1isthe # of B,,-classes (» w.rt. 2~ 'y € B,,)in Divz.

Examples:

3 Bo-classes = ¢(Ag) = 2 7 Bo-classes = c¢(A3) =6




Computation of c¢(A%), step 3

e Proposition:  ¢(A%) 41 =# of elementsin DivAZ whose dth factor (of the normal form)
is right divisible by A, _1.

~» Compute N, 4(s) := # of (positive) braids of degree < d whose dth factoris s
= #£ of normal sequences (S1,...,S4_1,5).




Computation of c¢(A%), step 3

e Proposition:  ¢(A%) = # of elements in DivA? whose dth factor (of the normal form) is
right divisible by A,,_1, minus 1.

~» Compute N, 4(s) := # of (positive) braids of degree < d whose dth factoris s
= #£ of normal sequences (S1,...,S4_1,5).

a~ Easy, because normality is local :

e Proposition: Let M,, be the n! X n! matrix with entries indexed by

divisors of A, (or permutations of {1, ....,n})s.t.
1 if (s,t)isnormal ,

(Mn)s,t —

0 otherwise .

Then N, q(s) is the s-entryin (1,...,1) - M4~1,




Counting results

a~ (new) questions / results about braid combinatorics:
A~ (Solomon) Nn,d(s) only depends on the partition associated with the descents of s

~~ reduces the size of the adjacence matrix from  n!to p(n).

e Proposition: ¢(A%) =29+ 92 ¢(Ad) = ... ~ (3 + V6)4, etc.
3 4

n—1

c(An)=n—1 ¢(A2)=2"-2 c(A})=) 7L
k=1

Proof: Let I,J C {1,...,n — 1}, with (p1,...,P%), (q1, ..., q¢) the block compositions of [
and J. Thenthe # ofdivisorsof A\, thatare leftdivisiblebyall o;'swith ¢ € I andrightdivisible
by all o;’swith j € Jisthe # of k X ¢-matrices with N-entries s.t. > ithrow = p; and >

. n!
jthcolumn = g;. Then ¢(A2) +1 = E ' i D1 (p2 — 1) ... (pr—1 — 1)pk.
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More counting

® Proposition: Let a,, be the # of n-braids of degree < 2. Then
" 1
1+ a,——— = ——— with Jy(2x) the Bessel function
R I

® Conjecture: The characteristic polynomial of M.,,_1 divides that of M,,.



Canonical decomposition of  (DivA?, <)

e Proposition:  (DivA¢Z, <) is the concatenation of ¢(A2) + 1 intervals, each of which is

a lattice for divisibility, isomorphic to some initial subinterval of (DivA<d |, <).
d
An

~ Inductive construction of  (DivA%, <) from (DivA¢_,, <) —and (DivA%~1 <) 2



Genetic sequences

~~ Method: look at the successive quotients in the increasing enumeration of (DivA,j‘,lL, <):

-degree 1: aAbabAa (with azal,A:Jfl,bzag,etc.)
-degree 2: aaAAbaaAAbabAAaaAAbabAAaablAAaa
-degree 3: aaalAAAbaaaAAAbaaAAbabAAAaaalAAAbaaAAbabAAAaa...

® Proposition:  The increasing enumeration of (DivAg, <) IS given by ...




The Pascal triangle

50,59

7

5052 Ss?{’l) 5153 (857°) 6,53

02/- \0102-
5052 5531) 5152 Sg’i 52,52 §§’3 55,52 (532;4)1 5452
02/- o \0102- 01/- e \0201-
5053 Ssgﬂl) 5153 53{ 52,53 §§’3 55,53 sg’"f 0453 §§’5 0453 (53762 5653
02/ - \0102' 01/ - \0201' 02/ - \0102'
with ;, = length k suffix of ...05050%09 and S$ = (1,01,...,0%) (i.e., the increasing enu-

meration of (Div(A%), <)).

(Proof: Property A = injectivity; cardinalities = surjectivity.)



Applications

a~ Corollary: - New and easy proof of Property C for Bj;
- New and easy proof of the existence of the Burckel normal form for 3-braids;
- New and easy proof of the fact that (BQ)L, <) is a well-ordering of ordinal type — w®.

a~ Can this be done for n > 4 ?
~~ Replace the induction ug = 2ug_1 + 3d + 1
with ug = 6ug_1 — 3ug—_o + 32 - 2% — 12d — 34.



