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• A problem of medium difficulty:
many efficient solutions,

but all involving (requiring)

some nontrivial theory behind.
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(Garside, 1967, Deligne, Adjan, Thurston, Morton-El Rifai...)

• The group BnBnBn is a group of fractions for the monoid B+
nB+
nB+
n ( := 〈. . . 〉+:= 〈. . . 〉+:= 〈. . . 〉+)

+ there exists some “universal” denominator∆n∆n∆n.

######### more precisely: (B+
n , ∆n)(B+
n , ∆n)(B+
n , ∆n) s.t.

- B+
nB+
nB+
n is cancellative, has no invertible element, admits lcm's,

- left divisors (∆n) =(∆n) =(∆n) =right divisors (∆n)(∆n)(∆n), and generate B+
nB+
nB+
n .

“∆n∆n∆n is a Garside element in B+
nB+
nB+
n ”

######### BnBnBn is a Garside group.

• Then: Every element of BnBnBn has a unique expression x−1
p ...x−1

1 y1...yqx−1
p ...x−1

1 y1...yqx−1
p ...x−1

1 y1...yq with

- x1, ..., xp, y1, ..., ypx1, ..., xp, y1, ..., ypx1, ..., xp, y1, ..., yp divisors of∆n∆n∆n,

- xi = gcd(xixi+1, ∆n)xi = gcd(xixi+1, ∆n)xi = gcd(xixi+1, ∆n) for each iii, id. for yjyjyj 's, and gcd(x1, y1) = 1gcd(x1, y1) = 1gcd(x1, y1) = 1.
(can be computed in quadratic time, for each fixed nnn)

• Behind: automatic structure of BnBnBn (Cannon, Thurston)
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• Then: - Every braid word redresses to a unique word of the form uv−1uv−1uv−1

with u, vu, vu, v positive (= no σ−1
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i );

- The braid word www represents 111 in BnBnBn iff, for some positive u, vu, vu, v,

w " uv−1w " uv−1w " uv−1 and v−1u " εv−1u " εv−1u " ε (= empty word).

• Behind: Garside theory again.
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• Free group reduction: delete σ
i
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i σ
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i σ
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i σ
i
;

######### if www reduces to εεε, then www represents 111; no converse, as BnBnBn not free.

• Nevertheless:

Define

a σ
i

σ
iσi
-handle

to be:

iii i+1i+1i+1

and

its reduction

to be:

• Then: A braid word represents 111 iff it reduces to εεε.
(extremely efficient in practice)

• Behind: Garside theory + order properties.
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• Cayley graph of BnBnBn: vertices = braids; edges:
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i
σ
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(ii) The set of words drawn in Cayley(∆d
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######### a boundedness result: when reduction is performed,

all words are drawn in some fixed finite subgraph of the Cayley graph.
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• For an induction on nnn, enough to prove: #σ1
σ1σ1-handles eventually↘↘↘.

• When a σ1
σ1σ1-handle is reduced, new handles may appear, but

- at most 111 new σ1
σ1σ1-handle (######### #σ1

σ1σ1-handles non-increasing)
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000 otherwise.



A CONJECTURE



A CONJECTURE

# of partitions of {1, ..., n}{1, ..., n}{1, ..., n}
↓

• Theorem: MnMnMn can be replaced with a p(n) × p(n)p(n) × p(n)p(n) × p(n) matrix.



A CONJECTURE

# of partitions of {1, ..., n}{1, ..., n}{1, ..., n}
↓

• Theorem: MnMnMn can be replaced with a p(n) × p(n)p(n) × p(n)p(n) × p(n) matrix.
(connected with the Solomon descent algebra

and the theory of combinatorial Hopf algebras)



A CONJECTURE

# of partitions of {1, ..., n}{1, ..., n}{1, ..., n}
↓

• Theorem: MnMnMn can be replaced with a p(n) × p(n)p(n) × p(n)p(n) × p(n) matrix.
(connected with the Solomon descent algebra

and the theory of combinatorial Hopf algebras)

• Conjecture: CharPol(Mn)CharPol(Mn)CharPol(Mn) divides CharPol(Mn+1)CharPol(Mn+1)CharPol(Mn+1).



A CONJECTURE

# of partitions of {1, ..., n}{1, ..., n}{1, ..., n}
↓

• Theorem: MnMnMn can be replaced with a p(n) × p(n)p(n) × p(n)p(n) × p(n) matrix.
(connected with the Solomon descent algebra

and the theory of combinatorial Hopf algebras)

• Conjecture: CharPol(Mn)CharPol(Mn)CharPol(Mn) divides CharPol(Mn+1)CharPol(Mn+1)CharPol(Mn+1).

CharPol(M1) = x − 1CharPol(M1) = x − 1CharPol(M1) = x − 1
CharPol(M2) =CharPol(M2) =CharPol(M2) = CharPol(M1) · (x − 1)CharPol(M1) · (x − 1)CharPol(M1) · (x − 1)
CharPol(M3) =CharPol(M3) =CharPol(M3) = CharPol(M2) · (x − 2)CharPol(M2) · (x − 2)CharPol(M2) · (x − 2)
CharPol(M4) =CharPol(M4) =CharPol(M4) = CharPol(M3) · (x2 − 6x + 3)CharPol(M3) · (x2 − 6x + 3)CharPol(M3) · (x2 − 6x + 3)
CharPol(M5) =CharPol(M5) =CharPol(M5) = CharPol(M4) · (x2 − 20x + 24)CharPol(M4) · (x2 − 20x + 24)CharPol(M4) · (x2 − 20x + 24)
CharPol(M6) =CharPol(M6) =CharPol(M6) = CharPol(M5) · (x4 − 82x3 + 359x2 − 260x + 60)CharPol(M5) · (x4 − 82x3 + 359x2 − 260x + 60)CharPol(M5) · (x4 − 82x3 + 359x2 − 260x + 60) . . .



A CONJECTURE

# of partitions of {1, ..., n}{1, ..., n}{1, ..., n}
↓

• Theorem: MnMnMn can be replaced with a p(n) × p(n)p(n) × p(n)p(n) × p(n) matrix.
(connected with the Solomon descent algebra

and the theory of combinatorial Hopf algebras)

• Conjecture: CharPol(Mn)CharPol(Mn)CharPol(Mn) divides CharPol(Mn+1)CharPol(Mn+1)CharPol(Mn+1).

CharPol(M1) = x − 1CharPol(M1) = x − 1CharPol(M1) = x − 1
CharPol(M2) =CharPol(M2) =CharPol(M2) = CharPol(M1) · (x − 1)CharPol(M1) · (x − 1)CharPol(M1) · (x − 1)
CharPol(M3) =CharPol(M3) =CharPol(M3) = CharPol(M2) · (x − 2)CharPol(M2) · (x − 2)CharPol(M2) · (x − 2)
CharPol(M4) =CharPol(M4) =CharPol(M4) = CharPol(M3) · (x2 − 6x + 3)CharPol(M3) · (x2 − 6x + 3)CharPol(M3) · (x2 − 6x + 3)
CharPol(M5) =CharPol(M5) =CharPol(M5) = CharPol(M4) · (x2 − 20x + 24)CharPol(M4) · (x2 − 20x + 24)CharPol(M4) · (x2 − 20x + 24)
CharPol(M6) =CharPol(M6) =CharPol(M6) = CharPol(M5) · (x4 − 82x3 + 359x2 − 260x + 60)CharPol(M5) · (x4 − 82x3 + 359x2 − 260x + 60)CharPol(M5) · (x4 − 82x3 + 359x2 − 260x + 60) . . .

• Question: What is the asymptotic behaviour of λmax(Mn)λmax(Mn)λmax(Mn)?



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

yyy xxx



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.

• Classical examples:
- x ∗ y = yx ∗ y = yx ∗ y = y (!!)



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.

• Classical examples:
- x ∗ y = yx ∗ y = yx ∗ y = y (!!) leads to Bn →→ SnBn →→ SnBn →→ Sn;



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.

• Classical examples:
- x ∗ y = yx ∗ y = yx ∗ y = y (!!) leads to Bn →→ SnBn →→ SnBn →→ Sn;

- x ∗ y = xyx−1x ∗ y = xyx−1x ∗ y = xyx−1



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.

• Classical examples:
- x ∗ y = yx ∗ y = yx ∗ y = y (!!) leads to Bn →→ SnBn →→ SnBn →→ Sn;

- x ∗ y = xyx−1x ∗ y = xyx−1x ∗ y = xyx−1
leads to Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn);



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.

• Classical examples:
- x ∗ y = yx ∗ y = yx ∗ y = y (!!) leads to Bn →→ SnBn →→ SnBn →→ Sn;

- x ∗ y = xyx−1x ∗ y = xyx−1x ∗ y = xyx−1
leads to Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn);

- x ∗ y = (1 − t)x + tyx ∗ y = (1 − t)x + tyx ∗ y = (1 − t)x + ty



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.

• Classical examples:
- x ∗ y = yx ∗ y = yx ∗ y = y (!!) leads to Bn →→ SnBn →→ SnBn →→ Sn;

- x ∗ y = xyx−1x ∗ y = xyx−1x ∗ y = xyx−1
leads to Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn);

- x ∗ y = (1 − t)x + tyx ∗ y = (1 − t)x + tyx ∗ y = (1 − t)x + ty leads to Bn → GLn(Z[t, t−1])Bn → GLn(Z[t, t−1])Bn → GLn(Z[t, t−1]).



DIAGRAM COLOURINGS

(Recall) “Property A”: A braid word containing a σ1
σ1σ1 and no σ−1

1σ−1
1σ−1
1 is not trivial.

######### Where does this come from?

• Braid diagram colourings:
1. Put colours at input ends of strands

2. Propagate colours

3. Look at output strands

xxx yyy

xxxx ∗ yx ∗ yx ∗ y
↑

some binary operation on colours

• Now: compatible with braid relations iff ∗∗∗ satisfies
(LD): x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z)x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z): the (left) self-distributivity law.

• Classical examples:
- x ∗ y = yx ∗ y = yx ∗ y = y (!!) leads to Bn →→ SnBn →→ SnBn →→ Sn;

- x ∗ y = xyx−1x ∗ y = xyx−1x ∗ y = xyx−1
leads to Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn)Bn ↪→ Aut(Fn);

- x ∗ y = (1 − t)x + tyx ∗ y = (1 − t)x + tyx ∗ y = (1 − t)x + ty leads to Bn → GLn(Z[t, t−1])Bn → GLn(Z[t, t−1])Bn → GLn(Z[t, t−1]).
(all satisfy x ∗ x = xx ∗ x = xx ∗ x = x)



ORDERED LD-SYSTEMS

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2
.........



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2

∧∧∧

.........



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2

∧∧∧

∧∧∧

.........



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2

∧∧∧

∧∧∧

.........

xxx

4=x4=x4=x



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2

∧∧∧

∧∧∧

.........

xxx

4=x4=x4=x

• Theorem (Laver, 1989) If there exists a self-similar rank,
then there exists an orderable LD-system.



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2

∧∧∧

∧∧∧

.........

xxx

4=x4=x4=x

• Theorem (Laver, 1989) If there exists a self-similar rank,
then there exists an orderable LD-system.

↓
by Gödel's incompleteness thrm, an unprovable logical assumption



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2

∧∧∧

∧∧∧

.........

xxx

4=x4=x4=x

• Theorem (Laver, 1989) If there exists a self-similar rank,
then there exists an orderable LD-system.

↓
by Gödel's incompleteness thrm, an unprovable logical assumption

• Theorem (D., 1992) Free LD-systems are orderable.



ORDERED LD-SYSTEMS

a set with a binary operation satisfying...
↓

• Definition: Say that an LD-system (S, ∗)(S, ∗)(S, ∗)
is orderable if there exists a strict linear

ordering <<< on SSS s.t. x < x ∗ yx < x ∗ yx < x ∗ y always holds.

• Proposition: If there exists an orderable
LD-system, then Property A is true.

xxx
y1y1y1

x∗y1x∗y1x∗y1

y2y2y2

(x∗y1)∗y2(x∗y1)∗y2(x∗y1)∗y2

∧∧∧

∧∧∧

.........

xxx

4=x4=x4=x

• Theorem (Laver, 1989) If there exists a self-similar rank,
then there exists an orderable LD-system.

↓
by Gödel's incompleteness thrm, an unprovable logical assumption

• Theorem (D., 1992) Free LD-systems are orderable.
######### Handle reduction is an application of Set Theory (?)
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a2,4a2,4a2,4a2,4a2,4a2,4

φna2,4φna2,4φna2,4

######### Generators ai,jai,jai,j of BKL+
nBKL+
nBKL+
n

= chords of a circle

######### Conjugation by δnδnδn

= rotation by 2π/n2π/n2π/n

######### Submonoid BKL+
n−1BKL+
n−1BKL+
n−1

= remove a 2π/n2π/n2π/n-sector

• Then: Every braid in BKL+
nBKL+
nBKL+
n admits a unique decomposition

x = φp−1
n xp · ... · φ2

nx3 · φnx2 · x1x = φp−1
n xp · ... · φ2

nx3 · φnx2 · x1x = φp−1
n xp · ... · φ2

nx3 · φnx2 · x1

s.t. xp, ..., x1xp, ..., x1xp, ..., x1 lie in BKL+
n−1BKL+
n−1BKL+
n−1 and the only ai,jai,jai,j 's that is are right divisors of

φp−k
n xp · ... · φnxk+1 · xkφp−k
n xp · ... · φnxk+1 · xkφp−k
n xp · ... · φnxk+1 · xk are ai,n−1ai,n−1ai,n−1's.
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######### New simple existence proof for the braid order;

######### The restriction of the braid order to BKL+
nBKL+
nBKL+
n is

a well-order of ordinal type ωωn−2
ωωn−2
ωωn−2

.

######### a distinguished element in each nonempty subset,

typically in each conjugacy class.


