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• A problem of medium difficulty:
many efficient solutions,

but all involving (requiring)

some nontrivial theory behind.
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n , ∆n)(B+
n , ∆n)(B+
n , ∆n) s.t.

- B+
nB+
nB+
n is cancellative, has no invertible element, admits lcm's,

- left divisors (∆n) =(∆n) =(∆n) =right divisors (∆n)(∆n)(∆n), and generate B+
nB+
nB+
n .

“∆n∆n∆n is a Garside element in B+
nB+
nB+
n ”

######### BnBnBn is a Garside group.

• Then: Every element of BnBnBn has a unique expression x−1
p ...x−1

1 y1...yqx−1
p ...x−1

1 y1...yqx−1
p ...x−1

1 y1...yq with

- x1, ..., xp, y1, ..., ypx1, ..., xp, y1, ..., ypx1, ..., xp, y1, ..., yp divisors of∆n∆n∆n,

- xi = gcd(xixi+1, ∆n)xi = gcd(xixi+1, ∆n)xi = gcd(xixi+1, ∆n) for each iii, id. for yjyjyj 's, and gcd(x1, y1) = 1gcd(x1, y1) = 1gcd(x1, y1) = 1.
(can be computed in quadratic time, for each fixed nnn)

• Behind: automatic structure of BnBnBn (Cannon, Thurston)
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######### if www reduces to εεε, then www represents 111; no converse, as BnBnBn not free.

• Nevertheless:

Define

a σ
i

σ
iσi
-handle

to be:

iii i+1i+1i+1

and

its reduction

to be:

• Then: A braid word represents 111 iff it reduces to εεε.
(extremely efficient in practice)

• Behind: Garside theory + order properties.
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• Question: What is the asymptotic behaviour of λmax(Mn)λmax(Mn)λmax(Mn)?
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######### Handle reduction is an application of Set Theory (?)
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• Def: BKL+
nBKL+
nBKL+
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• Mix the ideas of the flip normal form and the Birman-Ko-Lee monoids

111
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333
444

555

n−1n−1n−1
nnn

a2,4a2,4a2,4a2,4a2,4a2,4

φna2,4φna2,4φna2,4

######### Generators ai,jai,jai,j of BKL+
nBKL+
nBKL+
n

= chords of a circle

######### Conjugation by δnδnδn

= rotation by 2π/n2π/n2π/n

######### Submonoid BKL+
n−1BKL+
n−1BKL+
n−1

= remove a 2π/n2π/n2π/n-sector

• Then: Every braid in BKL+
nBKL+
nBKL+
n admits a unique decomposition

x = φp−1
n xp · ... · φ2

nx3 · φnx2 · x1x = φp−1
n xp · ... · φ2

nx3 · φnx2 · x1x = φp−1
n xp · ... · φ2

nx3 · φnx2 · x1

s.t. xp, ..., x1xp, ..., x1xp, ..., x1 lie in BKL+
n−1BKL+
n−1BKL+
n−1 and the only ai,jai,jai,j 's that is are right divisors of

φp−k
n xp · ... · φnxk+1 · xkφp−k
n xp · ... · φnxk+1 · xkφp−k
n xp · ... · φnxk+1 · xk are ai,n−1ai,n−1ai,n−1's.
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but also, mainly:

• Theorem (Fromentin, 2007) Assume x, y ∈ BKL+
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n , and let (xp, ..., x1)(xp, ..., x1)(xp, ..., x1),
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- or p = qp = qp = q and (xp, ..., x1)(xp, ..., x1)(xp, ..., x1) is lexicographically smaller than (yq, ..., y1)(yq, ..., y1)(yq, ..., y1).

######### New simple existence proof for the braid order;

######### The restriction of the braid order to BKL+
nBKL+
nBKL+
n is

a well-order of ordinal type ωωn−2
ωωn−2
ωωn−2

.

######### a distinguished element in each nonempty subset,

typically in each conjugacy class.


