
COMBINATORICS OF NORMAL SEQUENCES OF BRAIDS



COMBINATORICS OF NORMAL SEQUENCES OF BRAIDS

Patrick Dehornoy

http://www.math.unicaen.fr/∼dehornoy

Laboratoire de Mathématiques Nicolas Oresme, Caen



COMBINATORICS OF NORMAL SEQUENCES OF BRAIDS

Patrick Dehornoy

http://www.math.unicaen.fr/∼dehornoy

Laboratoire de Mathématiques Nicolas Oresme, Caen

• Counting normal sequences of positive braids leads to non-trivial

open questions about the symmetric group;



COMBINATORICS OF NORMAL SEQUENCES OF BRAIDS

Patrick Dehornoy

http://www.math.unicaen.fr/∼dehornoy

Laboratoire de Mathématiques Nicolas Oresme, Caen

• Counting normal sequences of positive braids leads to non-trivial

open questions about the symmetric group;

• Many different induction schemes occur.
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• Theorem (Deligne, Adjan, Thurston, El Rifai–Morton): Each positive braid

admits a unique expression s1...sds1...sds1...sd with (s1, ..., sd)(s1, ..., sd)(s1, ..., sd) normal and sd #= 1sd #= 1sd #= 1.

!!!!!!!!! degree of a positive braid := this ddd; (e.g., simple ⇔ degree " 1)
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• Proposition: The normal form defines a biautomatic structure for BnBnBn.

!!!!!!!!! 1. The family of all normal sequences is recognized by a FSA;

!!!!!!!!! 2. For each generator sss, the normal forms of xxx and xsxsxs remain at

bounded distance in the Cayley graph of BnBnBn ("fellow traveler property").

• Remark: id. in every Garside group: group of fractions for a monoid MMM
with an element ∆∆∆ s.t.

- the left and right divisors of ∆∆∆ coincide (!!!!!!!!! simple) and generate MMM ;

- the family of all simple elements is a finite lattice w.r.t. left divisibility;

- if s, ts, ts, t are simple and divide xxx in MMM , then lcm(s, t)lcm(s, t)lcm(s, t) divides xxx as well.

Normality condition:“each simple left divisor of sisi+1sisi+1sisi+1 is a left divisor of sisisi”.
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• Proposition: Let (M, ∆)(M, ∆)(M, ∆) be a Garside system, and (s1, ..., sd)(s1, ..., sd)(s1, ..., sd), (t1, ..., te)(t1, ..., te)(t1, ..., te)
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!!!!!!!!! Computation of the normal form of a product, or of an lcm.
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- A way of proving surjectivity results:

“If some result holds for Nn,dNn,dNn,d distinct positive braids of degree ddd,

then it holds for all positive braids in B+
nB+
nB+
n .”

!!!!!!!!! e.g. new proof of the linearity of the braid ordering.

• Question: Compute Nn,dNn,dNn,d and Nn,d(s)Nn,d(s)Nn,d(s).

• Remark: Nn,d =
∑

s simple

Nn,d(s) = Nn,d+1(1)Nn,d =
∑

s simple

Nn,d(s) = Nn,d+1(1)Nn,d =
∑

s simple

Nn,d(s) = Nn,d+1(1).
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• For fixed nnn, the generating series of Nn,dNn,dNn,d is rational.
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• Example: M ′
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 ( !!!!!!!!! size 4 instead of 6)
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• Lemma: Let aI,J :=aI,J :=aI,J := # fff in SnSnSn s.t. D(f) ⊇ ID(f) ⊇ ID(f) ⊇ I and D(f−1) ⊇ JD(f−1) ⊇ JD(f−1) ⊇ J .

Then aI,J =aI,J =aI,J = # k × !k × !k × ! integral matrices s.t. the sum of the iiith row is pipipi and

the sum of the jjj column is qjqjqj , where (p1, ..., pk)(p1, ..., pk)(p1, ..., pk) is the composition of III, and

(q1, ..., q!)(q1, ..., q!)(q1, ..., q!) is the composition of JJJ .
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• Nn,4(∆n−1) = *n!e+ − 1Nn,4(∆n−1) = *n!e+ − 1Nn,4(∆n−1) = *n!e+ − 1, corresponding to xn = nxn−1 + 2n − 1xn = nxn−1 + 2n − 1xn = nxn−1 + 2n − 1.



REFERENCES

• P.Dehornoy, Combinatorics of normal sequences of braids,

JCTA, to appear, arXiv: math.CO/0511114.

• C.Hohlweg, Properties of the Solomon algebra homomomorphism,

arXiv: math.RT/0302309.

• F.Hivert, J.C.Novelli, J.Y.Thibon, Commutative combinatorial Hopf algebras,

arXiv: math.CO/0605262.


