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e A strategy for constructing van Kampen diagrams for semigroups,
with an application to the combinatorial distance between
the reduced expressions of a permutation.
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Plan :

e The general case:

- Subword reversing as a strategy
for constructing van Kampen diagrams

- Subword reversing as a syntactic transformation

- A cancellativity criterion

e The case of permutations:

- bounds for the combinatorial distance
between reduced expressions of a permutation

- recognizing the optimality of a van Kampen diagram
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Van Kampen diagrams

1% % — % %%
5,8, = s8;8, for [i —j| > 2

m —1

e Example: Let B, :<sl, vy 8

s;s.5, =s:s;8; for |i —j| =1 >+

(the n-strand Artin braid monoid).

Then

’

is a van Kampen diagram for (s, s,s,5,5,5,,5,5,5;5,5,8;).
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A building strategy

e How to build a van Kampen diagram (when it exists)?

e Subword reversing = the left strategy: starting with two words w, w’,

t
- look at the leftmost pending pattern

S N
t/~u

- choose a relation sv = tu of R to close it into 3, and repeat.
S\ .~V

e Facts: - May not be possible (no relation s... = t...);
- May not be unique (several relations s... = t...);
- May never terminate (when u, v have length more than 1);

- May terminate but boundary words are longer than w, w’
(certainly happens if w,w’ are not R-equivalent).
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8;8:8, = s.s;8; for |[i —j| =1 \+
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e Another way of drawing the same diagram:
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~+ only vertical and horizontal edges,
plus dotted arcs connecting vertices that are to be identified
in order to get an actual van Kampen diagram.
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e In this way, a uniform pattern:
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Syntactic description

e Introduce two types of letters:
- S for horizontal edges, S~ for vertical edges;
- read words the Mull of Kintyre to the Pentland Fifth

e Basic step:

t
>
. -1 =il
l- — u reads: s 't — vu -,
s
v
including
s s
— reads: s 's — e.
sl sl

the empty word
v

e Syntactically, “subword reversing”: replacing —+ with +—.
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—+ /. . —1_/
e Conversely, does w =/ w' implies w™ " w’' ~, €?

e Definition: A presentation (S, R) is called complete (w.r.t.subword re-
e /

versing) if w =% w’ implies w 'w’ ~, €.

e Remark: Completeness implies the solvability of the word problem
only if one knows that reversing always terminates.

e Two questions:
- How to recognize completeness?

- What to do with a complete presentation?
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e Here: lower bounds; more specifically:

e Aim: Recognize whether a given Van Kampen diagram

or reversing diagram is possibly optimal.

e Associate a braid diagram with every s-word and use the
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Naming crossings

e Here: lower bounds; more specifically:

e Aim: Recognize whether a given Van Kampen diagram

or reversing diagram is possibly optimal.

e Associate a braid diagram with every s-word and use the
names of the strands that cross

{1,2H1,342,3} — N (w)
3
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~» a sequence N (w) of pairs of integers in {1,....n}.
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Naming faces

e Back to van Kampen diagrams with the aim of recognizing optimality.

e Having given names to the generators s, ,
give names to the faces:
{p,a}

{a.r} {p,a} {r'.qa'}
type lI:

G
{p.a} T} {p.q}

{a,r}

type I:

e Criterion 1: A van Kampen diagram in which different faces

have different names is optimal.
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e Applies in particular to reversing diagrams
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e How are separatrices in a reversing diagram? Three types of faces:
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e Criterion 3: A reversing diagram containing no type lll face is optimal.
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e Two conclusions:

e Evenin the simple(?) case of braids and permutations, many open questions.




e Two conclusions:

e Evenin the simple(?) case of braids and permutations, many open questions.

e Importance of having van Kampen diagrams included in a grid.
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