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e Use subword reversing to constructing examples of ordered groups. J
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Abstract

e Subword Reversing is a combinatorial method (~ rewrite rule on words)
for investigating (certain) concrete positive group presentations.

all relations of the form w = w’ with no s~ in w, w’

e Here, case of triangular presentations: construct monoids in which
the left-divisibility relation is a linear ordering. ’

all relations of the form s;r; = s;1, with r; a positive word

e (Modest) output: a very simple (self-contained) proof of

e Proposition (Navas, Ito).— For n,m > 1, the group (x,y | x™ = y") is left-orderable

with isolated points in the LO space.

(and a new proof of the orderability of the braid group B3)
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What is subword reversing?

e A strategy for constructing Kampen diagrams
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all relations of the form w = w’ with w, w’ nonempty words in S (no s~ 1)

o Let (S,R) be a positive group presentation.
Then two words u, v in S represent the same element in the monoid (S | R) ™

iff there exists an R-derivation from u to v: u E;: v.

e Proposition (van Kampen?).— The relation u =" v holds iff

there exists a van Kampen diagram for (u, v).

\

a tesselated disk with (oriented) edges labeled by elements of S and
faces labeled by relations of R, with boundary paths labeled u and v.
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e Let (S, R) be a positive group presentation.
Then two words u, v in S represent the same element in the monoid (S | R) ™
iff there exists an R-derivation from v to v: u =7 v.

e Proposition (van Kampen?).— The relation u =} v holds iff

there exists a van Kampen diagram for (u, v).

e Example: B, %
: o, —= .
@ \

+ _ _
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C————
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o Definition.— Subword reversing = the “left strategy”, i.e.,
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becomes s[ g [u with sv = tu in R.
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v

e Encoding by signed words: read labels from SW to NE and put a negative sign when
one crosses in the wrong direction (words in S S~ 1), The basic step reads

st~ vuTt ("sTlt reverses to vuT!")
Then subword reversing means replacing —+ with +—, whence the terminology.
o Degenerated cases:

becomes sl g ls and similar cases.
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The p function on positive braids

... The orderability of braid groups is 20 years old this week.
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e Definition (Birman-Ko-Lee, 1997).— The dual braid monoid B, * is the submonoid
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e Iterating the dual splitting operation gives for every (3 in B;* a finite tree T (53).

e Theorem (Fromentin, 2008): For 3,3 in B, *,
is equivalent to

e Corollary.— The D-ordering on s a well-ordering of type w
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The p and p* functions

o Definition.— For 8 in BX, (resp. in BLY), put

| B’ conjugate to 3}

wu(B) = mine, {5’

(resp. p*(B) = min<,{ B € BL | B/ conjugate to (3 }).

o Makes sense because < is a well-ordering on B}, and BZ.
e Example: u(qy) = (o) = ... = 0y, p(A3) = As, ...

e The problem : Compute p and/or p* effectively (at least for 3 or 4 strands).

e Computing p or pu* would give a solution
for the Conjugacy Problem of B,.
o Remark : The rotating normal forms now give
realistic ways of investigating the order <p.

e Conjecture (D., Fromentin, Gebhardt, 2009).— For S in B;,

w(BA2) = 0,080, - u(B) - of.
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