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e Theorem (Rump, 2005): (i) If (S, r) is an involutive nondegenerate solution,
then (S, ) is a bijective RC-quasigroup, where s * t := the unique r s.t. ri(s,r) = t.

(ii) Conversely, is (S, *) is a bijective RC-quasigroup, then (S, r) is an involutive nonde-
generate solution, where r(a, b) := the unique pair (a’,b’) s.t. axa’ = band a’xa = b’.
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» Proof: Bijectivity implies the existence of % with symmetric properties. [

- Step 4: For s1, ..., sn pairwise distinct, MN,(s1, ..., sn) is the right-lcm of si, ..., sp,
and the left-lcm of 51, ...,s, defined by s; = Qn(s1,...,Si, ..., Sn, Si)-
» Proof: Apply the “inversion formulas” of RC-calculus. O



e Revisiting the I-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#5" .

«O>» «F»

!
a
it
v

DA™



The |-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#5" .

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#5 — M



The |-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#5" .

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1)=1,v(s)=s forsin S,



The |-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#5" .

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) | s € S} ={v(a)s | s e S} for every a in N#°.



The |-structure

o Revisiting the |-structure with the help of RC-calculus:
“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#5" .

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) | s € S} ={v(a)s | s e S} for every a in N#°.
Conversely, every monoid with an |-structure arises in this way.



The I-structure

o Revisiting the |-structure with the help of RC-calculus:
“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#5" .

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and
{v(as) |s € S} ={v(a)s|s € S} for every a in N#3.
Conversely, every monoid with an |-structure arises in this way.
Proof: If (S, *) is an RC-quasigroup and M is the associated monoid, then defining

v(sy -+ sp) = Mn(s1, ..., sn) for n:= #S
provides a right [-structure on M.



The I-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#°".

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) |s € S} ={v(a)s|s € S} for every a in N#3.
Conversely, every monoid with an |-structure arises in this way.

Proof: If (S, ) is an RC-quasigroup and M is the associated monoid, then defining
v(sy -+ sp) = Mn(s1, ..., sn) for n:= #S
provides a right [-structure on M.
Conversely, if v is an [-structure, defining * on S by
v(st) =v(s) (sxt)

provides a bijective RC-quasigroup on S.



The I-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#°".

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) |s € S} ={v(a)s|s € S} for every a in N#3.
Conversely, every monoid with an |-structure arises in this way.

Proof: If (S, ) is an RC-quasigroup and M is the associated monoid, then defining
v(sy -+ sp) = Mn(s1, ..., sn) for n:= #S
provides a right [-structure on M.
Conversely, if v is an [-structure, defining * on S by
v(st) =v(s) (sxt)
provides a bijective RC-quasigroup on S. Then 7(s) belongs to G,
and one has (rks)x(rxt) = m(rs)(t),



The I-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#°".

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) |s € S} ={v(a)s|s € S} for every a in N#3.
Conversely, every monoid with an |-structure arises in this way.

Proof: If (S, ) is an RC-quasigroup and M is the associated monoid, then defining
v(sy -+ sp) = Mn(s1, ..., sn) for n:= #S
provides a right [-structure on M.
Conversely, if v is an [-structure, defining * on S by
v(st) =v(s)-(sxt)
provides a bijective RC-quasigroup on S. Then 7(s) belongs to G,
and one has (rks)x(rxt) = mw(rs)(t), so rs = sr in N” implies the RC law for .



The I-structure

o Revisiting the |-structure with the help of RC-calculus:
“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#5" .

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) |s € S} ={v(a)s|s € S} for every a in N#3.
Conversely, every monoid with an |-structure arises in this way.

Proof: If (S, ) is an RC-quasigroup and M is the associated monoid, then defining
v(sy -+ sp) = Mn(s1, ..., sn) for n:= #S
provides a right [-structure on M.
Conversely, if v is an [-structure, defining * on S by
v(st) =v(s)-(sxt)
provides a bijective RC-quasigroup on S. Then 7(s) belongs to G,
and one has (rks)x(rxt) = mw(rs)(t), so rs = sr in N” implies the RC law for .
More generally, one obtains 7(s1 - sp—1)(sp) = Qp(51, ..., p) for every p.

u]
]

ul
!




The I-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#°".

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) |s € S} ={v(a)s|s € S} for every a in N#3.
Conversely, every monoid with an |-structure arises in this way.

Proof: If (S, *) is an RC-quasigroup and M is the associated monoid, then defining
v(sy -+ sp) = Mn(s1, ..., sn) for n:= #S
provides a right [-structure on M.
Conversely, if v is an [-structure, defining * on S by
v(st) =v(s)-(sxt)
provides a bijective RC-quasigroup on S. Then 7(s) belongs to G,
and one has (rxs)x(r«t) = w(rs)(t), so rs = sr in N” implies the RC law for .
More generally, one obtains 7(s1 - sp—1)(sp) = Qp(51, ..., p) for every p.
One concludes using Rump's result that every finite RC-quasigroup is bijective. [




The I-structure

o Revisiting the |-structure with the help of RC-calculus:

“the Cayley graph of the structure group is a copy of the Euclidean lattice Z#°".

e Theorem (Gateva-lvanova, Van den Bergh, 1998): If M is the monoid of a nondege-
nerate involutive solution (S, r), then there exists a bijection v: N#° — M satisfying
v(1) =1, v(s)=s fors in S, and

{v(as) |s € S} ={v(a)s|s € S} for every a in N#3.
Conversely, every monoid with an |-structure arises in this way.

Proof: If (S, ) is an RC-quasigroup and M is the associated monoid, then defining
v(sy -+ sp) = Mn(s1, ..., sn) for n:= #S
provides a right [-structure on M.
Conversely, if v is an [-structure, defining * on S by
v(st) =v(s)-(sxt)
provides a bijective RC-quasigroup on S. Then 7(s) belongs to G,
and one has (rks)x(rxt) = mw(rs)(t), so rs = sr in N” implies the RC law for .
More generally, one obtains 7(s1 - sp—1)(sp) = Qp(51, ..., p) for every p.
One concludes using Rump's result that every finite RC-quasigroup is bijective. [

e Once again, the proof seems easier and more explicit when stated in terms of x and RC.



Plan:

e Structure groups of set-theoretic solutions of YBE
» 1. Rump’'s RC-calculus
- Solutions of YBE vs. biracks vs. cycle sets

- Revisiting the Garside structure using RC-calculus
- Revisiting the |-structure using RC-calculus

» 2. A new application: Garside germs
- The braid germ
- The YBE germ

e A new approach to the word problem of Artin-Tits groups

» 3. Multifraction reduction, an extension of Ore’'s theorem
- Ore’s classical theorem

- Extending free reduction: (i) division, (ii) reduction
- The case of Artin-Tits groups: theorems and conjectures
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e The n-strand braid monoid B, and group B, admit the presentation
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o.0.0. = g,0,0. for |i—j|=1
e/ 470
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e The n-strand braid monoid B, and group B, admit the presentation
0,0, = 0,0; for |i—j|=2
Oy Op_q J J .

o.0.0. = g,0,0. for |i—j|=1
ijTi JTi
Adding the torsion relations 01.2 = 1 gives the Coxeter presentation of G, in terms of
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e Claim: The Garside structure of B, based on B} "comes from” the group Gp:
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(x)  o(f)o(g) = o(fg) holds in B iff {x(f)+ lx(g) = ¢x(fg) holds in &y,
where U5 (f) is the X-length of f (:= # of inversions).

o Definition: A group W with generating family X is a germ for a monoid M if there
exists a projection w: M — W and a section o : W c_y M of 7 s.t. M is generated
by Im(c) and (the counterpart of ) () holds. It is a Garside germ if, in addition, M is
a Garside monoid and Im(o) is the set of simples of M.

» Think of M as of an “unfolding” of W.
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e Finding a germ is difficult: partly open for braid groups of complex reflection groups:
very recent (partial) positive results by Neaime building on Corran—Picantin.

e What for YBE monoids?
» Partial positive result by Chouraqui and Godelle (= "RC-systems of class 2").
» Complete positive result, once again based on RC-calculus.

e Definition: An RC-quasigroup (S, *) is of class d if, for all s,t in S
Qd+l(s’ Sy t) =t
» class 1: st =t,
» class 2: (s*xs)*(s*t)=t, etc.
» for ¢ an order d permutation, s x t := ¢(t) is of class d.

e Lemma: Every RC-quasigroup of cardinal n is of class d for some d < (n?)!.

Proof: The map (s,t) + (s*s,s*t) on S x S is bijective, hence of order < (n?)!.
|
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e Notation: x9 for My(x, ..., x)

A YBE germ

e Theorem: Let (S, x) be an RC-quasigroup of cardinal n and class d, and let M and G

be associated monoid and group. Then collapsing sl to 1 in G for every s in S gives a
finite group G of order d" that provides a Garside germ for M, with an exact sequence

il — 0 —— (6 —5 (G — il

» Entirely similar to the ArtinTits/Coxeter case,

with the "RC-torsion” relations sl = 1 replacing s2 = 1.
» Proof: Use the [-structure to carry the results from the (trivial) case of Z"
Express the [-structure v in terms of the RC-polynomials €2 and I1, typically
v(s9a) = Myiq(s, oS, t, ..y tq)
=MNy(s, ..., s)Ng(Qgr1(s, ..oy s, t1)s ooy Qar1(S, 5 -0y S, tg))

=My(s, ..., s)Mg(t1, ..., tg) = v(s)v(ts - tg) = sl v(a).
Then G is G/= where g = g’ means Vs€S (#s(v~1(g)) = #s(v~1(g’)) mod d). O
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» Can the RC-approach be used to address the left-orderability of the structure group?
» Could there exist a skew version of the RC-approach?

e References:
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» P.Dehornoy, Set-theoretic solutions of the Yang-Baxter equation, RC-calculus, and Garside germs
Adv. Math. 282 (2015) 93-127



Plan:

e Structure groups of set-theoretic solutions of YBE
» 1. Rump’'s RC-calculus
- Solutions of YBE vs. biracks vs. cycle sets

- Revisiting the Garside structure using RC-calculus
- Revisiting the |-structure using RC-calculus

» 2. A new application: Garside germs
- The braid germ
- The YBE germ

e A new approach to the word problem of Artin-Tits groups

» 3. Multifraction reduction, an extension of Ore's theorem
- Ore’s classical theorem

- Extending free reduction: (i) division, (ii) reduction

- The case of Artin-Tits groups: theorems and conjectures
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e Example: every Garside monoid.
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e Fact: b= ae R;  implies that a and b represent the same element in /(M).

» Proof: We walk in the Cayley graph, replacing one path with an equivalent one. [

e Example: M = B with 1/ab/b:

b and ab admit a common multiple

ab
1 D b
/ \ » we can push b through ab:
\i b/7 » a/ab/1 =1/ab/be Ry}
& 1
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and now
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DL/ wﬂ,

1/ab/b =———=> a/ab/1
R2p
» possible confluence ?
» In this way: for every gcd-monoid M, a rewrite system Ry, (“reduction™).
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The 3-Ore case

e Theorem 1: (i) If M is a noetherian ged-monoid satisfying the 3-Ore condition, then M
embeds in U(M) and every element of (M) is represented by a unique R y;-irreducible
multifraction; in particular, a multifraction a represents 1 in U(M) iff it reduces to 1.

(ii) If, moreover, M is strongly noetherian and has finitely many basic elements, the
above method makes the word problem for U(M) decidable.

» M is noetherian: no infinite descending sequence for left- and right-divisibility.
» M is strongly noetherian: exists a pseudo-length function on M. (= noetherian)
» M satisfies the 3-Ore condition: three elements that pairwise admit
a common multiple admit a global one. (2-Ore = 3-Ore)
» right-basic elements: obtained from atoms repeatedly using
the right-complement operation: (x,y) — x’ s.t. yx’ = right-lem(x, y).
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The universal van Kampen diagrams

e Corollary: For every n, there exists a universal diagram [, s.t.,
if M is any noetherian gcd-monoid satisfying the 3-Ore condition
and a is any depth n multifraction representing 1 in U(M),
then some M-labelling of T, is a van Kampen diagram with boundary a.
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there is at most one relation s... = t... in R and, if so, the relation has the form
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e Theorem: An Artin-Tits monoid satisfies the 3-Ore condition

iff it is of FC type (= parabolic subgroups with no oo-relation are spherical).
» Reduction is convergent: group of multifractions of the monoid

e Conjecture: Say that reduction is semi-convergent for M if

every multifraction representing 1 in U(M) reduces to 1.

Then reduction is semi-convergent for every Artin-Tits monoid.

» Sufficient for solving the word problem (in the case of an Artin-Tits group).
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