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Many things are known about shelves (SD-structures that nee not be racks).
Here special emphasis on the connection with braids and withset theory.



Plan:

(O <Fr «

it
a
i

A



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD



Plan:

=

. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf



Plan:

=

. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf

6. Using set theory to investigate Laver tables
- Quotients of the iteration shelf
- A dictionary
- Results about periods



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf

6. Using set theory to investigate Laver tables
- Quotients of the iteration shelf
- A dictionary
- Results about periods

«O>» «F»r «

!
it
!
V)
o
?



Planar diagrams:

A=)

=

a
it
a
i

Hac



Diagrams

Planar diagrams:

-y



Diagrams

Planar diagrams:

R SO



Diagrams




Diagrams

Planar diagrams:

L) D N

I projections of curves embedded inR3



Diagrams

Planar diagrams:
I projections of curves embedded inR3

Generic question: recognizing whether two diagrams are
isotopic gures



Diagrams

Planar diagrams:

L) SO XK

I projections of curves embedded inR3

Generic question: recognizing whether two diagrams are
isotopic gures
I nd isotopy invariants.



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter
using nitely many Reidemeister moves



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter
using nitely many Reidemeister moves

- type | :



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter
using nitely many Reidemeister moves

- type | : Q
/ —



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter
using nitely many Reidemeister moves

- Q9



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter
using nitely many Reidemeister moves

- Q9

- type Il :



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter
using nitely many Reidemeister moves

- type | : Q -9
— — ~—
- type Il : \/\/‘ —_—
- B —



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter

using nitely many Reidemeister moves
By

- type | :

)

/
\

- type Il :

\
(



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter

using nitely many Reidemeister moves
By

-/

- type | :

)

- type Il :

\
(

- type Il :



Reidemeister moves

Two diagrams represent isotopic guresi one can go from the former to the latter
using nitely many Reidemeister moves

- Q9

- type 11 : N ~ Ve
- N~ ) g
7 el
- type Il : //_/\ / —
—_— /\/



Diagram colorings

Fix a set S equipped with two operations /; T,



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b\,:a/b
a =’ b



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b\/:a/b d bya
an
a =’ b a N— bra



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b\/:a/b d bya
an
a =’ b a N— bra

Action of Reidemeister moves on colors:



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b \/: alb d b y a
an
a =’ b a N— bra
Action of Reidemeister moves on colors:

XK

a__/



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b\/:a/b d bya
an
a =’ b a N— bra

Action of Reidemeister moves on colors:

b/c
c (@l )/ (b]c)
b%b/c
a — c



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b\/:a/b d bya
an
a =’ b a N— bra

Action of Reidemeister moves on colors:

b/c
c /-»(a/ c)/ (b/c) © /—>
a__/ c a_/



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b\/:a/b d bya
an
a =’ b a N— bra

Action of Reidemeister moves on colors:

c b/C/-\/-:(a/ )/ (bl c) c _—(alb)/c
be/c b AN —blc
a — c a—" c



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b X—» alb d b y a

a - b an a N— bTa
Action of Reidemeister moves on colors:

b/c
c /-\/-:(a/c)/(b/c) c /—>(a/b)/c
C

b M b/ c b AN b/
a I C a =" C

I Hence: S-colorings invariant under Reidemeister move Ill, (S;/) is a shelf



Diagram colorings

Fix a set S equipped with two operations /; T,
and color the strands in diagrams obeying the rules:

b\/:a/b d bya
an
a =’ b a N— bra

Action of Reidemeister moves on colors:

c bic _—~ (@l c)/ (bl c) c (@l b)/ c
b = b/ c b AN\ —b/c
a — c a—" ~ ®

I Hence: S-colorings invariant under Reidemeister move Ill, (S;/) is a shelf

Proposition: Whenever (S;/) is a shelf, diagram coloring provides
a well de ned action of the braid monoid B;; on S" for every n.



Coloring (cont'd)

Idem for Reidemeister move II:
al b

b\/\/->b A bya\/:(bfa)/b)
a=—" - N (2/ D)/ D O ——m——a A t‘)}/a a



Coloring (cont'd)

Idem for Reidemeister move II:
al b

b\/\/->b A bya\/:(bfa)/b)
a=—" - N (2/ D)/ D O ——m——a A t}/a a

Lemma: There exists/ satisfying (x/ y)7y = x and (x7y)/y = x
i the right translations of (S;/) are bijections.



Coloring (cont'd)

Idem for Reidemeister move II:
al b

b\/\/->b A bya\/:(bfa)/b)
a=—" - N (2/ D)/ D O ——m——a A t}/a a

Lemma: There exists/ satisfying (x/ y)7y = x and (x7y)/y = x
i the right translations of (S;/) are bijections.

I Hence: S-colorings invariant under Reidemeister moves II+lII,
(S; /) is a shelf with bijective right translations



Coloring (cont'd)

Idem for Reidemeister move II:
al b

b\/\/->b A bya\/:(bfa)/b)
a=—" - N (2/ D)/ D O ——m——a A t}/a a

Lemma: There exists/ satisfying (x/ y)7y = x and (x7y)/y = x
i the right translations of (S;/) are bijections.

I Hence: S-colorings invariant under Reidemeister moves II+lII,
(S;/) is a shelf with bijective right translations

a rack



Coloring (cont'd)

Idem for Reidemeister move II:
al b

b\/\/->b A bya\/:(bfa)/b)
a=—" - N (2/ D)/ D O ——m——a A t}/a a

Lemma: There exists/ satisfying (x/ y)7y = x and (x7y)/y = x
i the right translations of (S;/) are bijections.

I Hence: S-colorings invariant under Reidemeister moves II+lII,
(S;/) is a shelf with bijective right translations

a rack

Proposition: Whenever (S;/) is a rack, diagram coloring provides
a well de ned action of the braid group B, on S" for every n.



Coloring (cont'd)

Idem for Reidemeister move |:

QL 2
a — al a Q —- 0 a = al a



Coloring (cont'd)

Idem for Reidemeister move |:

Q. B,
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack



Coloring (cont'd)

Idem for Reidemeister move I:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an
n-strand braid to be ) a o
1,5 an) a1 = 31;333§an: an | quandie



Coloring (cont'd)

Idem for Reidemeister move I:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an
n-strand braid to be ) a o
1,5 an) a1 = 31;333§an: an | quandie
where a; :::; a2 are the output colors in with input colors aj;:::; an.
Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.



Coloring (cont'd)

Idem for Reidemeister move I:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an
n-strand braid to be ) a o
1,5 an) a1 = 31;333§an: an | quandie
where a; :::; a2 are the output colors in with input colors aj;:::; an.
Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

Example:
The trefoil knot:



Coloring (cont'd)

Idem for Reidemeister move |:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an

n-strand braid to be ) a o
ml;:::;anj a1 = ag; . an = aplquande
where a; :::; a2 are the output colors in with input colors aj;:::; an.

Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

P L T L T R T T T LY T TR T Y LY T T o
. ‘e,

Example:
The trefoil knot:

K

O
4 SRR RN NN N NN NN N AR RRRRRRNNNy,

e,
I

1.

O
o
.
-
-
- Cam-
- /
K
“, o
0 / »
RLTTT et

)
ATTTE LN



Coloring (cont'd)

Idem for Reidemeister move |:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an

n-strand braid to be ) a o
ml;:::;anj a1 = ag; . an = aplquande
where a; :::; a2 are the output colors in with input colors aj;:::; an.

Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

P L T L T R T T T LY T TR T Y LY T T o
. ‘e,

Example:
The trefoil knot:

K

O
4 SRR RN NN N NN NN N AR RRRRRRNNNy,

b .

a

RIS
o ‘e
e,
I
e,
AT



Coloring (cont'd)

Idem for Reidemeister move |:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an

n-strand braid to be ) a o
ml;:::;anj a1 = ag; . an = aplquande
where a; :::; a2 are the output colors in with input colors aj;:::; an.

Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

P L T L T R T T T LY T TR T Y LY T T o
. ‘e,

Example:
The trefoil knot:

K

O
4 SRR RN NN N NN NN N AR RRRRRRNNNy,

b a'b R

. Sy \/:/\/:/\/ 4
""nu- / ..-““’
a b

RIS
o ‘e
e,
I
e,
AT



Coloring (cont'd)

Idem for Reidemeister move |:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an
n-strand braid to be ) a o
1,5 an) a1 = 31;333§an: an | quandie
where a; :::; a2 are the output colors in with input colors aj;:::; an.
Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

Example:
The trefoil knot:




Coloring (cont'd)

Idem for Reidemeister move |:

QL B
al a Q —- 0 a = al a

O —

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an

n-strand braid to be ) a o
m1;333§anl a = 31;333§an = aplquandle

where a; :::; a2 are the output colors in with input colors aj;:::; an.

Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

P L T L T R T T T LY T TR T Y LY T T o
. ‘e,

K

Example:
G NN E NN RN RN NN NN NN NN NN NN NN ERRNRRENRRNRR Ny,

The trefoil knot: S .
X b a/b b/(a/b) (a/b)/(b/(a/b)) 3

""nu- / ..-““’
b/ (al b)

a b alb

)
ATTTE LN



Coloring (cont'd)

Idem for Reidemeister move I:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an
n-strand braid to be

;onanjar = i an = adi quande
where a; :::; a2 are the output colors in with input colors aj;:::; an.
Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

Example: T
The trefoil knot: :.’ .‘,--u-u-u-u-uuuu-u-u-u-uuuu-u-u-u-uuuu-.,.‘ ‘,“
i % b alb bl(alb) (a/b)/ (bl (a/b)) § %
""nu- / ..-““’

a b alb b/ (a/ b)

Leads toha;b j (b/ (a/b) = a;(a/ b)/ (b/ (a/ b)) = biquande:



Coloring (cont'd)

Idem for Reidemeister move I:

Q. 9
a — al a Q —- 0 a = al a

I Hence: S-colorings invariant under Reidemeister moves I+lI+111 ,
(S;/) is an idempotent rack

a quandle

Theorem (Joyce, Matveev): De ne the fundamental quandle of the closure of an
n-strand braid to be

;onanjar = i an = adi quande
where a; :::; a2 are the output colors in with input colors aj;:::; an.
Then the fundamental quandle is a complete isotopy invariar up to mirror symmetry.

Example: T
The trefoil knot: :.’ .‘,--u-u-u-u-uuuu-u-u-u-uuuu-u-u-u-uuuu-.,.‘ ‘,“
i % b alb bl(alb) (a/b)/ (bl (a/b)) § %
""nu- / ..-““’

a b alb b/ (a/ b)

Leads toha;b j (b/ (a/b) = a;(a/ b)/ (b/ (a/ b)) = biquande:



The main question

Quandles and racks have being used successfully in knot thep



The main question

Quandles and racks have being used successfully in knot thep
in particular via homological approximations: Fenn, Rourke, Carter, Kamada ...



The main question

Quandles and racks have being used successfully in knot thep

in particular via homological approximations: Fenn, Rourke, Carter, Kamada ...

Main question: Could shelves that are not racks be useful in topology?



The main question

Quandles and racks have being used successfully in knot thep

in particular via homological approximations: Fenn, Rourke, Carter, Kamada ...

Main question: Could shelves that are not racks be useful in topology?

Bad news: General shelves are very di erent from racks.



The main question

Quandles and racks have being used successfully in knot thep

in particular via homological approximations: Fenn, Rourke, Carter, Kamada ...

Main question: Could shelves that are not racks be useful in topology?

Bad news: General shelves are very di erent from racks.

I Precise meaning: free racks are very special shelves...



The main question

Quandles and racks have being used successfully in knot thep

in particular via homological approximations: Fenn, Rourke, Carter, Kamada ...

Main question: Could shelves that are not racks be useful in topology?

Bad news: General shelves are very di erent from racks.
|

Precise meaning: free racks are very special shelves...
I Presumably much work to adapt the results. (?)



The main question

Quandles and racks have being used successfully in knot thep

in particular via homological approximations: Fenn, Rourke, Carter, Kamada ...

Main question: Could shelves that are not racks be useful in topology?

Bad news: General shelves are very di erent from racks.
I Precise meaning: free racks are very special shelves...
I Presumably much work to adapt the results. (?)

Good news: General shelves are very di erent from racks.



The main question

Quandles and racks have being used successfully in knot thep

in particular via homological approximations: Fenn, Rourke, Carter, Kamada ...

Main question: Could shelves that are not racks be useful in topology?

Bad news: General shelves are very di erent from racks.

I Precise meaning: free racks are very special shelves...
I Presumably much work to adapt the results. (?)

|

Good news: General shelves are very di erent from racks.

If general shelves can be used, one can expect really new ajgaitions.



The main question
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Main question: Could shelves that are not racks be useful in topology?
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|

Good news: General shelves are very di erent from racks.

If general shelves can be used, one can expect really new ajgaitions.

I Explore the world of shelves...
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An example ) the partial action of braids

on a right-cancellative shelf

Assume that (S;/) is aright-cancellative shelf
Then one can de ne
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\ and f
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a the unique c s.t.c/ a= b, if it exists.

Proposition: One obtains in this way a well-de ned partial action of B, on S", s.t.
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there exists at least one sequence in S" s.t.a w; is de ned for each i.
1 1f w; w@ are equivalent n-strand braid words anda w and a w© are de ned,

thena w = a w° holds.

a usable partial action...
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(b1 < bY) or (by = bf and b, < bI) or etc.



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf

6. Using set theory to investigate Laver tables
- Quotients of the iteration shelf
- A dictionary
- Results about periods
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[P.D. Algebraic properties of the shift mapping, Proc. Amer. Math. Soc. 106 (1989) 617-623]
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Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf

6. Using set theory to investigate Laver tables
- Quotients of the iteration shelf
- A dictionary
- Results about periods
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The braid shelf

Adding a strand on the right provides in:n+1 : Bn 1 B+t
) o D = gorji jj>2F
I Direct limit By = ;; ,: b _ L .
_ . iji= jijforji jj=1
I Shift endomorphism of By : sh: 7 341 ©

Proposition: For ; inB; , dene
= sh() , sh() %
Then (B; ;.) is aleft shelf.
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I Proof: . (.

) sh( sh( )

sh( ) sh?()

1 sh() )

hz()llsh()l
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1Sh()1
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L sh()
(
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The braid shelf (cont'd)

| Proof: . (. ) sh( sh() , sh()H , sh()?
sh() sh?() , sh?() * , sh()?

sh() sh’() ,, st?() * sh() %

(. ). C. )

( sh() ysh() ) sh( sh() ysh() %) , sh( sh() ysh() ) *
sh( ) ;sh( ) sh( )sh?®( ) ,sh’( ) * [sh?() 2lsh2( ) sh() 1
Sh() ySP() 3 5 2s() tsh()
sh( ) sh?() 121215h2()15h()1

Remark: Shelf (=right shelf) with
I =sh()t | sh()
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The braid shelf (cont'd)

| Proof: . (. )= sh( sh() , sh()H , sh()?
= sh() sh() , sP?()* , sh()?
= sh() st?() ,, sP() ' sh()
o Dol )
( sh() ysh() ) sh( sh() ysh() 1) sh( sh() ;sh() 1) !

sh( ) ysh( ) tsh()sh?( ) ,shP( ) 1 ;stP( ) ,'sk?( ) sh() ?
sh( ) ;SP( ) , 4, sh?() tsh() ?
sh() sh() 4,4, sPP() L sh()?

Remark: Shelf (=right shelf) with
/I =sh() 1 ;| sh()
but less convenient here

Remark Works similarly with
x.y=x (y) e ()1
wheneverG is a group G, e belongs to G, and is an endomorphism satisfying
e (e)le= (e)e (e) and 8x(e 2(x)= 2(x)e).
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; s
|

Proof: Identify F1 with the set of freely reduced words onf xy; X2; :::g
(no ss ors 1s). Use sh also forFy

X; 7! Xj+1. Let
W = fw j w reduced word nishing with x; 1g.
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

I Proof: Identify F1 with the set of freely reduced words onf x3; X2; :::9
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W = fw j w reduced word nishing with x; 1g.
If  contains no ; L then ( )(x1)= xu.

If = ysh() then ()(x1)= ( )( (sh( )(x1))
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

I Proof: Identify F1 with the set of freely reduced words onf x3; X2; :::9
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W = fw j w reduced word nishing with x; 1g.
If  contains no ; L then ( )(x1)= xu.

If = ysh() then ()(x1)= ( ( hC Nxa) = ( 1)(x1)
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

I Proof: Identify F1 with the set of freely reduced words onf x3; X2; :::9
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W = fw j w reduced word nishing with x; 1g.
If  contains no ; L then ( )(x1)= xu.

If = ysh(), then ()(x1)= ( )( (sh( )(x1))=

( D(x1) = xaxpxg
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =
|

Proof: Identify F1 with the set of freely reduced words onf xy; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W = fw j w reduced word nishing with x; 1g.
If  contains no ; L then ( )(x1)= xu.
If

= gsh( ), then ()(x))= () (Sh( Nxa)) = ( )(xa) = xaxax; L2 W
So, it su ces to show: w 2 W implies ( )(w) 2 W and ( ; 1)(w) 2 W fori> 2.
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

I Proof: Identify F1 with the set of freely reduced words onf x3; X2; :::9
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W = fw j w reduced word nishing with x; 1g.
contains no L then ( )(x1)= xu.
= ysh( ), then ()(x))= ( )( Gh()Oa) = ( )0x)= xxox, L2 W.
So, it su ces to show: w 2 W implies ( )(w) 2 W and ( ; Hw) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W?
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

I Proof: Identify F1 with the set of freely reduced words onf x3; X2; :::9
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W = fw j w reduced word nishing with x; 1g.
contains no L then ( )(x1)= xu.

= gsh( ), then ()(x))= () (Sh( Nxa)) = ( )(xa) = xaxax; L2 W
So, it su ces to show: w 2 W implies ( )(w) 2 W and ( ; 1)(w) 2 W fori> 2.

Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write

If
If

for ().
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W := fw j w reduced word nishing with x, g.
If  contains no ; L then ( )(x1)= xu.

If = ysh() then ()(x)= () (Sh( D)= ( )(xa) = xaxex, ' 2 W
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.

Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w) = red( (W% xix, x; ).
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W := fw j w reduced word nishing with x, g.
If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x)= () (Sh( D)= ( )(xa) = xaxex, ' 2 W
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).

Then (w)= red( (W9 xix, 'x; 1). If (w) does not nish with x;, !, anxq in (w9
cancels the nal x, *.
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Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W := fw j w reduced word nishing with x, g.
If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x)= () (Sh( D)= ( )(xa) = xaxex, ' 2 W
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This x; comes either from anxy, or an Xy 1 oranxzinw.
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Larue's |emma
Lemma (Larue, 1992) If
|

is ,-positive, then ( )(x1) nishes with x, *
Proof: Identify F1 with the set of freely reduced words onf xi; x2;:::g
(no ss ors 1s). Use sh also forFy
If

If

X; 7! Xj+1. Let
W = fw j w reduced word nishing with x; 1g.
contains no L then ( )(x1)= xu.

= ysh() then ()(xa)= () (Sh( D)= ( )(xa) = xaxex, ' 2 W
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write

Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wO= uxyv,

for ().
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Larue's |emma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x1)= ( )( h( D)= ( )(xa) = xaxax; L2 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (u)Xaxox; © (V)Xax, %, ),
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Larue's |emma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let

W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x1)= ( )( h( D)= ( )(xa) = xaxax; L2 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(xax; 1 (V)xax, ) = 1.

u]
]
1
n
it
)
ye)
?



Larue's |emma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x)= ()( (h( NOx) = ( )(xa) = xaxox, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(xax; 1 (V)xax, ) = 1.
Hence (v) =1,
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Larue's |emma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

I Proof: Identify F1 with the set of freely reduced words onf x3; X2; :::9
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()0a)= () G NOCA) = ()0a) = xxex, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(xax; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1,
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Larue's |emma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x)= ()( (h( NOx) = ( )(xa) = xaxox, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(xax; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1, and w®= ux,
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Larue's lemma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()0a)= () G NOCA) = ()0a) = xxex, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(x2x; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1, and w®= uxy, contradicting " w%; ! reduced".
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Lemma (Larue, 1992) If
|

Larue's lemma
is ,-positive, then ( )(x1) nishes with x, *

Proof: Identify F1 with the set of freely reduced words onf xi; x2;:::g
(no ss ors 1s). Use sh also forFy
If

If

X; 7! Xj+1. Let
W := fw j w reduced word nishing with x, g.
contains no L then ( )(x1)= xu.

= ysh() then ()(xa)= () (Sh( D)= ( )(xa) = xaxex, ' 2 W
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write

for ().
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
- For wo= uxyv, we nd

cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.

lV,

(w) =red( (U)xaxox; & (V)Xax, 1x; 1), with red(xox; 1 (V)xax, 1) =1
Hence (v)=1,then v =1, and w°= ux, contradicting " w(’xl 1 reduced".
- For wo= ux,
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Larue's lemma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()0a)= () G NOCA) = ()0a) = xxex, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(x2x; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1, and w®= uxy, contradicting " w%; ! reduced".

- For wo= ux, v, we nd

(w) =red( (u)xgx, 1x1 a (V)X1Xy 1x1 5
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Larue's lemma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()0a)= () G NOCA) = ()0a) = xxex, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(x2x; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1, and w®= uxy, contradicting " w%; ! reduced".

- For wo= ux, v, we nd

(w) =red( (u)xgx, 1x1 a (V)X1Xy 1x1 1), with red( X, 1x1 g (V)xax, H=,
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Larue's lemma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()0a)= () G NOCA) = ()0a) = xxex, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; H(w) 2 W fori > 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(x2x; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1, and w®= uxy, contradicting " w%; ! reduced".

- For wo= ux, v, we nd

(w) =red( (u)xXx, 1x1 a (V)X1Xy 1x1 1), with red( X, 1x1 g (V)xax, H=,
Hence (v)= xux3x; %,
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Larue's lemma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x)= ()( (h( NOx) = ( )(xa) = xaxox, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; l)(w) 2 W fori> 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(x2x; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1, and w®= uxq, contradicting " w%; * reduced".

- For wo= ux, v, we nd

(w) =red( (u)x1x, lx1 1 (V)X1Xy lx1 1), with red(x, 1x1 a (V)X1Xy 1) =1.
Hence (v)= xix3x, ', then v = x2,
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Larue's lemma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x)= ()( (h( NOx) = ( )(xa) = xaxox, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; l)(w) 2 W fori> 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(x2x; 1 (V)xax, ) = 1.
Hence (v)=1,then v =1, and w®= uxq, contradicting " w%; * reduced".

- For wo= ux, v, we nd

(w) =red( (u)x1x, lx1 a (V)X1Xy lx1 1), with red( X, 1x1 g (V)X1Xy H=,
Hence (v)= xix3x, %, then v = xZ, and w®= ux, *x2, contradicting " w® reduced".
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Lemma (Larue, 1992) If
|

Larue's lemma
is ,-positive, then ( )(x1) nishes with x, *

Proof: Identify F1 with the set of freely reduced words onf xi; x2;:::g
(no ss ors 1s). Use sh also forFy
If

If 1sh( ), then ()(x1) =

X; 7! Xj+1. Let
W := fw j w reduced word nishing with x, g.
contains no L then ( )(x1)= xu.
= (D0 6N = (Dxa) = xaxox; L2 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; l)(w) 2 W fori>2
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
Then (w)= red( (W% xix, 'x; V). If (w) does not nish with x; !, anxq in (w9
cancels the nal x; 1. This X1 comes either from anxy, or an x, 1 oran X2 IN W.
- For wo= uxyv, we nd

Hence (v)=1,then v =1, and w°
1

(w) =red( (U)xaxox; & (V)Xax, xg 1), with red(x2x; 1 (V)xax, ) = 1.
= uxq, contradicting " w%; * reduced".

- For wo= ux; 'v, we nd

(w) =red( (u)x1x,

1
Hence (v)= xix3x; %, then v = xZ, and w®
- For wo= uxpv,

X1 a (V)X1Xy lx1 1), with red( X, 1x1 g (V)X1Xy H=,

ux, *x2, contradicting " w® reduced".
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Larue's lemma

Lemma (Larue, 1992) If is ,-positive, then ( )(x1) nishes with x; =

| Proof: Identify F1 with the set of freely reduced words onf x1; X2; :::g
(no ss Tors 1s). Use sh also forFy : x; 7! xj+1. Let
W := fw j w reduced word nishing with x, g.

If  contains no ; L then ( )(x1)= xu.
If = ysh() then ()(x)= ()( (h( NOx) = ( )(xa) = xaxox, 12 W.
So, it suces to show: w 2 W implies ( )(w) 2 W and ( ; l)(w) 2 W fori> 2.
Assumew 2 W, sayw = w%, 1 and consider ( D(w) 2 W? Write  for ( 4).
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Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf

6. Using set theory to investigate Laver tables
- Quotients of the iteration shelf
- A dictionary
- Results about periods
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De nition : For  a binary address , let SD be the
partial operator \apply SD in the expanding direction at address ". The Thompson's

monoid of SD is the monoid M sp gen'd by all SD and their inverses.
Fact: Two terms T ;T % are SD-equivalent i some element of M sp maps T to TO.

Now, for every term T, select an element 1 of M sp that maps x[" to T . x[",
I Follow the inductive proof of the absorption property:
x=1,  1.1,= 71, shu( 1,) SD; sh( t,) l ()

Next, identify relations in M sp: 5
.SD1; SD =SD SDi1, SD; SD SD; SDgp =SD SD: SD ,etc. ( )

‘ I When everySD s.t.  contains 0 is collapsed, only the SDy;:: 1S remain. :
3... I Write ,,, for the image of SD13.:1, i times 1. Then () becomes s
Trteeeesm = forfi Q> 20 = ferfi ij=1. S
I The resulting quotient of M sp is B1  (!). ,x"
I If mapsT to TO then shy( ) mapsT . x[M to TO. xIM, o

so collapsing allshy( ) must give an SD-operation on the ql{q:it‘.ft, i.e.,,on By .
I Its de nition is the projection of ( ), i.e.,

a.b=a shpb) ; sh@ 1<
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The \magic rule" revisited:

Shl( T2 571|3 Sh1(7IT1) !
=sb =sbp
1 1 2
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The Thompson's monoid of SD (cont'd)

The \magic rule" revisited:

Ta sh( T1,) SD, sh( 1)
7! 7! 7! 7!

=sbp =sbp =sb =sbp

whence 1, 1,= 1, sh( 1,) SD, sh( ;)
which projects to the braid operation.

e

See more in[P‘D,‘ Braids and selfdistributivity, PM192, Birkhasser (1999 )]



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf

6. Using set theory to investigate Laver tables
- Quotients of the iteration shelf
- A dictionary
- Results about periods
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A vision of in nity

From the very beginning, Set Theory is a theory ofin nity .

Theorem (Cantor, 1873): There exist
at least two non-equivalent in nities.

Theorem (Cantor, 1880s): There exist
in nitely many non-equivalent in nities,
which organize in a well-ordered sequence

@< @< @< <@ <

Facts: card(N) = @, and card(R) (= card( P(N)) = 2 @) > card(N).

Question: For which  (necessarily> 1) does card(R) = @ hold?

I Conjecture (Continuum Hypothesis, Cantor, 1879): card(R) = @.
I Equivalently: every uncountable set of reals has the cardiality of R.
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Beginning of XXth century: formalization of First Order log ic (Frege Russel| ...)
and axiomatization of Set Theory (Zermelo, then Fraenkel ZF):

I Consensus \ We agree that these properties express
our current intuition of sets." (but this may change in the future...)

I First question: IsCH or : CH (negation of CH) provable from ZF?

Theorem (Gedel, 1938): UnlessZF is contradictory,
: CH cannot be proved from ZF. J
negation of —_—
Theorem (Cohen, 1963): UnlessZF is contradictory,
CH cannot be proved from ZF. J

R
I Method of proof: Investigate models of ZF = abstract structures
satisfying the axioms of ZF ( investigate abstract groups or elds).
| For Gadel: every model has asubmodel that satis es AC.
| For Cohen: every model has arextension that satis es : AC.



Conclusion

A=)

=

a
it
a
i

Hac



Conclusion ZF is incomplete (not: CH is indecidable|which means nothing) .
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I repeat the process with \super-in nite".

| inaccessiblecardinals, measurablecardinals, huge cardinals, ine able cardinals, etc.

Theorem(s) (Martin -Steel, Woodin, ... 1970s-80s): A certain large cardinal axiom,
PD (\projective determinacy”, aka \there exists in nitely ma ny Woodin cardinals"),
provides a heuristically complete description of nite and countable sets.

New consensus ZF+PD is, from now on, the reference system for set theory. J
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Principle: self-similar implies large
I X innite : 9j : X! X (j injective not bijective)
I X superinnite:  9j : X! X (j inject. not biject. preserving all 2-de nable notions)

an elementary embeddingof X

Example: N is not super-in nite.

I Proof: Assumej : N! N witnesses for \N is super-in nite".

Then 0 is the only element of N satisfying \I am the smallest element for <",
and < is de nable from 2. Hencej(0) also satis es \I| am the smallest for <".
Hence necessarilyj (0) = 0. Now 1 says \| am the smallest after 0":

By the same argumentj(1) = 1, etc. So j is the identity.

I A super-in nite set must be so large that it contains unde nable elements
(since all de nable elements must be xed).
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Fact: There is a canonical ltration of sets by thegets V , an ordinal, def'd by
Vo=, Viuq=PV) V = _ V for Ilimit

Fact: If is alimit ordinal ard f :V | V|
thenf =~ _ f\V2andf\VZ2belongs toV forevery <

| Proof: Every element of V belongs to someV with < ; The setf\ V?
is included in V2, hence inV .2, hence it belongs toV .3, hence toV .
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the braid realization (1992)



Plan:

1. Braid colorings
- Diagrams and Reidemeister moves
- Diagram colorings
- Quandles, racks, and shelves

2. The SD-world
- Classical and exotic examples
- The world of shelves

3. The braid shelf
- The braid operation
- Larue's lemma and free subshelves
- Special braids

4. The free monogenerated shelf
- Terms and trees
- The comparison property
- The Thompson's monoid of SD

5. The set-theoretic shelf
- Set theory and large cardinals
- Elementary embeddings
- The iteration shelf

6. Using set theory to investigate Laver tables
- Quotients of the iteration shelf
- A dictionary
- Results about periods

«O>» «F»r «

!
it
!
V)
o
?



Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.



Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.



Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.



Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.

Proposition (Laver): Assume that ] is an elementary embedding fromV to itself.




Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.

Proposition (Laver): Assume that | is an elementary embedding fromV to itself.
Fori;i%in lter() and < , declarei i%(\i and i ®agree up to ") if
8x2V (i(x)\V = i%x)\V ).




Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.

Proposition (Laver): Assume that | is an elementary embedding fromV to itself.
Fori;i%in lter() and < , declarei i%(\i and i ®agree up to ") if
8x2V (i(x)\V = i%x)\V ).
Then i, IS @ congruence oniter(j) ,




Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.

Proposition (Laver): Assume that | is an elementary embedding fromV to itself.
Fori;i%in lter() and < , declarei i%(\i and i ®agree up to ") if
8x2V (i(x)\V = iqx)\V ).
Then i, is a congruence oniter(j) , it has 2" classes,




Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.

Proposition (Laver): Assume that | is an elementary embedding fromV to itself.
Fori;i%in lter() and < , declarei i9\i and i ©agree up to ") if
8x2V (i(x)\V = i%x)\V ).
Then i, is a congruence onlter(j) , it has 2" classes,
which are those ofj; jpp; 235 jpny,




Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.

Proposition (Laver): Assume that | is an elementary embedding fromV to itself.
Fori;i%in lter() and < , declarei i9\i and i ©agree up to ") if
8x2V (i(x)\V = i%x)\V ).
Then i, is a congruence onlter(j) , it has 2" classes,
which are those ofj; jj); :2:; jjony, the latter also being the class ofid.




Quotients of Iter(j)

Notation : (\ left powers") ji; = j[j][j]::[i], p times j.

De nition : For j in E
critn(j) := the (n+ 1) st ordinal (from bottom) in fcrit(i) ji 2 Iter(j) g.
I One can showcrito(j) = crit() , crit1(j) = crit([j]) , crit2() = critGLIGILD) , etc.

Proposition (Laver): Assume that | is an elementary embedding fromV to itself.
Fori;i%in lter() and < , declarei i9\i and i ©agree up to ") if
8x2V (i(x)\V = iqx)\V ).
Then i, is a congruence onlter(j) , it has 2" classes,
which are those ofj; jj); :2:; jjony, the latter also being the class ofid.

I Proof: (Dicult...) Starts from j g i[j] and similar.
Uses in particular crit(jjm;) = crit n(j) with n maximal s.t. 2" divides m.
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The proposition says that lter(j) = ¢, is a left-shelf whose domain isf 1;:::; 2"g;
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Quotients of Iter(j) (cont'd)

Recall: Aj is the unique left-shelf onf 1;::;; 2"g
satisfyingp =1, forp6 2" and2". 1=1.
(or, equivalently, on f0;:::; 2" 1g) satisfying p = 1 ;;mod 2" for p 6 2" and 0. 1 =1)

Corollary: The quotient-structure lIter()) = ¢t is (isomorphic to) the table An.
| Proof: Write p for the ¢, ) -class ofjpy.

The proposition says that Iter()) = ¢, is a left-shelf whose domain isf 1;:::; 2"g;
By construction, p =1y holds for p 6 2".

Then jiny ity id implies jpni1y ity §, Whence 2'. 1 =1 in the quotient.

I A set-theoretic realization of An as a quotient of the (free) left-shelf Iter(j) .
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crit(t() "&r0) > critn(j); ()
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is equivalent to  crit(t(j) "©0)) = crit n(j) .
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n(j) is the conjunction
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Question O: Can shelves that are not racks be useful in low-dimensional
topology?

Recall: Bi”:= closure of f1g under . inside the in nite braid group Bi

Question 1: Let (S;.) be a monogenerated (left) shelf. Find a concrete descriptio
of the congruence s s.t.(S;.) is (isomorphic to) (Bi?;.)= <. Does g extend to
all of By ?

I Typical example: S := Ap, the nth Laver table.

Laver tables are quotients of the (free) set theoretic shelf(iter(j) ; [ 1).

Question 2 Can one nd an alternative "self-iterating structure” (S;.), which the
Laver tables are quotients of?

I Typical candidate: Scott's domains in -calculus (?)

Question 3 Determine the (co)-homology of the free monogenrated shel.
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Questions (cont'd)

Question 1 : Compute the function n de ned on B} by
n( ):= inff 9j Oconjugated to g.

standard linear braid ordering
I Remark: certainly doable, at least forn = 3.

Question 1 % Same question with
n( ) := inff 9j O Markov-equivalent to g.



